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Abstract. We investigate dynamic operations acting over a knowing
how logic. Our approach makes use of a recently introduced semantics
for the knowing how operator, based on an indistinguishability relation
between plans. This semantics is arguably closer to the standard pre-
sentation of knowing that modalities in classic epistemic logic. Here, we
discuss how the semantics enables us to define dynamic modalities rep-
resenting different ways in which an agent can learn how to achieve a
goal. In this regard, we study two types of updates: ontic updates (for
which we provide axiomatizations over a particular class of models), and
epistemic updates (for which we investigate some semantic properties).

1 Introduction

Over the last years, a new family of epistemic languages for reasoning about
knowing how assertions [8] have received much attention. Intuitively, an agent
knows how to achieve ¢ given 9 if she has at her disposal a suitable course
of action guaranteeing that ¢ will be the case, whenever she is in a situation
in which v holds. The concept of knowing how is important not only from a
philosophical perspective, but also from a computer science point of view. For
instance, it can be seen as a formal account for automated planning and strategic
reasoning in AT (see, e.g., [2]).

Most traditional approaches for representing knowing how rely in connecting
logics of knowing that with logics of action (see, e.g., [22,18,14]). However, while
a combination of operators for knowing that and ability (e.g., [26]) produces a de
dicto concept ( “the agent knows she has an action that guarantees the goal”), a
proper notion of “knowing how to achieve ¢” requires a de re clause ( “the agent
has an action that she knows guarantees the goal”; see [15,13] for a discussion).
Based on these considerations, [31,32] introduced a new framework based on a
knowing how binary modality Kh(v, p). At the semantic level, this language is
interpreted over relational models — called in this context labeled transition
systems (LTSs). In these models, relations describe the actions an agent has at
her disposal (in some sense, her abilities). Then, Kh(1, ¢) holds if and only if
there is a “proper plan” (a sequence of actions satisfying certain contraints) in
the LTS that unerringly leads from every i-state only to y-states.
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While variants of this idea have been explored in the literature (see, for in-
stance, [19,20,9,30]), most of them share a fundamental characteristic: relations
are interpreted as the agent’s available actions; and the abilities of an agent
depend only on what these actions can achieve. The framework presented in [5]
changed this underlying idea by adding a notion of ‘indistinguishability’ between
plans, related to the notion of strategy indistinguishability of, e.g., [16,7]. The
intuitive idea is, first, that some plans might not be available to the agent. More
importantly, she might consider some of them indistinguishable from some oth-
ers. In such cases, having a proper plan o that leads from any -state to only
p-states is not enough. Instead, the agent also needs for all her available plans
that she cannot distinguish from o to satisfy such requirements. As argued in [5],
the benefits of these new semantics are threefold. First, it provides an epistemic
‘indistinguishability-based’ view of an agent’s abilities. Second, it enables us to
deal with multi-agent scenarios in a more natural way. Third, this new perspec-
tive leads to a natural definition of operators that represent dynamic aspects of
knowing how, more aligned with dynamic epistemic logic (DEL; [28]).

This paper focuses on the latter point. We will make use of the indistinguisha-
bility-based semantics to investigate some dynamic operators describing changes
in the agents’ abilities, and hence in their corresponding epistemic states. To the
best of our knowledge, this is the first time in which this problem is addressed
(except by the brief discussion introduced in [32] about announcements in the
context of knowing how). We start by investigating operators that restrict the
models based on some sort of announcement, in the spirit of [24]. However, as we
will see, this kind of updates in the context of knowing how can be seen as ontic
updates, rather than epistemic. Then, we will exploit the provided semantics in
order to define operations that perform actual epistemic updates. In particular,
we will discuss how the indistinguishability relation between plans can be refined
in order to perform an epistemic change. We consider our work as the first step
towards a dynamic epistemic theory over knowing how logics.

Outline. The paper is organized as follows. Sec. 2 recalls the syntax, semantics
and a complete axiomatization of the multi-agent knowing how logic from [5],
discussing also a corresponding notion of bisimulation. These notions are useful
in the rest of the paper. Then, Sec. 3 is devoted to investigate different dynamic
operators for updating knowing how. First, we introduce ontic updates, based
on public announcements [24] and arrow updates [17]. We discuss the properties
of the operations, and provide reduction axioms. Then, we provide alternatives
for epistemic updates, and discuss some of their semantic properties. In Sec. 4
we offer some final remarks and discuss future lines of work.

2 Basic Definitions

Throughout the text, let Prop be a countable set of propositional symbols, Act
a denumerable set of action symbols, and Agt a non-empty finite set of agents.

Definition 1. Formulas of the language Lkyn, are given by
pu=p|-o|eVe|Khilp ),
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with p € Prop and i € Agt. Other Boolean connectives are defined as usual.
Formulas of the form Kh; (¢, ¢) are read as “when v is the case, the agent 7 knows
how to make ¢ true”. Define also Ap := \/;cpq Khi(mip, L) and Ep := —A-p;
they will turn out to be the global universal and existential modalities, resp.

In [31,32], formulas are interpreted over labeled transition systems (LTSs):
relational models in which each (basic) relation indicates the source and target
of a particular type of action the agent can perform. In the setting introduced
in [5], LTSs are extended with a notion of uncertainty between plans.

Definition 2 (Actions and plans). Let Act® be the set of finite sequences
over Act. Elements of Act™ are called plans, with € being the empty plan. Given
o € Act™, let |o| be the length of o (note: |e|:=0). For 0 < k <|c|, the plan oy,
is 0’s initial segment up to (and including) the kth position (with oo :=€). For
0 < k <|o|, the action o[k] is the one in c’s kth position.

Definition 3 (Uncertainty-based LTS). An uncertainty-based LTS (LTSY)
for Prop, Act and Agt is a tuple M = (W, R,S, V) where: W is a non-empty set
of states (called the domain, and denoted by Dag); R = {Rq C W x W | a € Act}
is a collection of binary relations on W; S = {S; C 22\ {0} | i € Agt} assigns to
every agent a non-empty collection of pairwise disjoint non-empty sets of plans:
(’L) SZ # (D, (’I/L) T, Ty € Sz with s # o) implies T N7y = @, and (’I/LZ) @ ¢ Si,'
and V : W — 2P s g labeling function. Given an LTSY M and w € Dy, the
pair (M, w) (parenthesis usually dropped) is called a pointed LTSY.

Intuitively, P; = UT[€Si 7t is the set of plans that agent ¢ has at her disposal,
and each 7t € S; is an indistinguishability class. Note that, as discussed in [5],
there is a one-to-one correspondence between each S; and an ‘indistinguishability
relation’ ~; C P; x P; describing the agent’s uncertainty over her available plans
(01 ~; o9 iff there is 7t € S; such that {01,092} C 7). The presentation used here
simplifies the definitions that will follow.

Given her uncertainty over Act®, the abilities of an agent ¢ depend not on
what a single plan can achieve, but rather on what a set of them can guarantee.

Definition 4. Given R = {R, € WxW | a € Act} and o € Act”, define
R, € W x W in the standard way. Then, for m C Act® and UU{u} C'W, define

Rr:=U,crRo, Ru(u) := U, e Ro (1), and Rp(U) := J, ey Rn(u).

Definition 5 (Strong executability of plans). Let M = (W,R,S,V) be
an LTSY, with R = {R, € WxW | a € Act}. A plan o € Act” is strongly
executable (SE) at u € W if and only if v € Ry, (u) implies Ry(p41)(v) # 0 for
every k € [0.. |o| —1]. We define the set SEM (o) := {w € W | o is SE at w}.
Then, a set of plans m C Act™ is strongly executable at u € W if and only if
every plan o € 7 is strongly executable at u. Hence, SEM(7) = Nyer SE(0) is
the set of the states in W where T is strongly executable.

Thus, a plan is strongly executable (at a state) when all its partial executions
can be completed. Then, a set of plans is strongly executable when all its plans
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are strongly executable. When the model is clear from the context, we will drop
the superscript M and write simply SE(o) and SE(7).

Now, we have all the ingredients to define the semantics of the logic.

Definition 6. Let M = (W, R, {S;}icagt, V) be an LTSY; take w € W. The
satisfiability relation |= for Lk, s inductively defined as:

M = p ., peVw)
Maw):_“p iﬁdcf M,’LU%QO
MwEPVe iﬁdef M,w E Y or Myw @
M,w = Khi(p, @) iff,, thereismeS; s.t.
(i) [Y]*™ C SE(n)
(i) Ra([¥1™) € [o]™,
where: [x[M = {w € W | M,w = x}. Define: M |= ¢ iff [e]" =W, and |= ¢
iff M |= ¢, for all LTSY M.

Note: the above-defined modalities A and E are indeed the global modalities
from [11]. Indeed, for every model M and every state w, M,w = Ap holds if
and only if ¢ is true in all states in M [5].

Ezample 1. Let us consider a simplified scenario for baking a cake, with two
agents ¢ and j. The two agents attempt to produce a good cake (represented by
the propositional symbol g). Suppose that they are following a similar recipe,
and that they have all the ingredientes (h). The recipe states that g is achieved
via the following steps: adding eggs (e), beating the eggs (b), adding flour (f),
adding milk (m), stir (s) and finally, bake the preparation (p). Thus, the plan
needed to achieve g is ebfmsp. Agent i, who is an experienced chef, is aware
that is the way to get a good cake. On the other hand, agent j has no cooking
experience, so she considers that the order in the instructions do not matter.
b s
(Q ; (Q , S; = {{ebfmsp}}}
M @ = >} ,O o > ) ,@ S; = { {ebfmsp, ebmfsp} }

The diagram shows, on the right, the set of indistinguishable plans in S; and
in S;. Notice that agent ¢ knows how to get a good cake, provided that she has
all the ingredients (i.e., M | Kh;(h,g)). This is due to the fact that agent i
distinguishes ebfmsp as the “good plan”. On the other hand, as j considers that
adding milk and adding flour can be done in any order, we have M (= Kh;(h, g).

Bisimulations. Bisimulation is a crucial tool for understanding a formal lan-
guage’s expressive power. Here we introduce a generalization of the ideas from [10],
now for Lkp, over LTSYs.

Definition 7. Let M = (W, R, {S;}icag, V) be an LTSY over Prop, Act and
Agt. Take me 2AY) U T CW and i € Agt.

— Write U & T iff,, U C SE(n) and R.(U) C T.
— WriteU = T iff,.; there is T € S; such that U LT
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Axioms Taut F ¢ for ¢ a propositional tautology
DistA + A(e — ¢) = (Ap — Ay)
TA FAp = ¢
4KhA  F Kh; (¢, ) — AKh; (¢, @)
5KhA  F =Kh; (¢, ¢) = A=Kh; (¢, @)
KhE  + (Ev A Kh; (v, ¢)) — Ep
KA F (A(x — %) A Khi(, @) A Al — 0)) = Khi(x, 0)

Rules MP From F ¢ and F ¢ — ¢ infer - 4
NecA From F ¢ infer - Agp

Table 1: Axiomatization Lky,; for LKhi w.r.t. LTSYs.

Additionally, U C W is propositionally definable in M if and only if there is a
propositional formula ¢ such that U = [p]M.

Definition 8 (Lkp,-bisimulation). Let M = (W, R, {S;}icagt, V) and M’ =
(W R {S}}icag, V') be LTSYs. A non-empty Z C W x W' is called an Lgp,-
bisimulation between M and M’ if and only if wZw' implies all of the following.

Atom: V(w) = V'(w').

— Kh;-Zig: for any propositionally definable U C W, if U = T for some
T CW, then there is T' CW' s.t. 1) Z(U) = T', and 2) T' C Z(T).

— Kh;-Zag: analogous to Kh;-Zig.

— A-Zig: for all w € W there is a v’ € W’ such that uZu'.

— A-Zag: for allu' € W’ there is a u € W such that uZu'.

We write M,w < M’ ;w’ when there is an Ly, -bisimulation Z between M and
M’ such that wZw'.

Theorem 1. Let M,w and M',w’ be two LTSYs. M,w € M’ w' implies
Mw E g iff M',w' = ¢, for all Lkn,-formula ¢.

Axiomatization. We finish this section by recalling an axiom system for Lgp,.

Theorem 2 ([5]). The aziom system from Table 1 is sound and strongly com-
plete w.r.t. the class of all LTSYs.

3 Dynamic Knowing How Logics

In this section we will explore different ways in which a dynamic operation can
be added to Lkn,. We can consider a dynamic operator as the indication of
performing an update on a model, so that the evaluation of the formula should
continue in the modifed model. Some of these model transformations can be
interpreted as actions that affect the agents’ abilities or her epistemic state. In
this section we explore some of these alternatives.

There are at least two ways in which an agent’s information might change. It
might change because the world changes and she observes this (the belief update
of the belief change literature; [12]), and it might change because she receives
information about the world while the world remains the same (the belief revision
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of the belief change literature; [12]). The former can be called ontic change,
whereas the latter can be called epistemic change. Within dynamic epistemic
logic, the first can be represented by a change in valuation, while the second can
be represented by changes in the agents’ uncertainty [27].

In an LTSY M = (W, R, {S;}icag V), there is a clear distinction between
ontic and epistemic information. On the one hand, while R provides ontic, objec-
tive information indicating what the actions themselves can achieve, V describes
the actual propositions being true at each state. On the other hand, the epis-
temic state of an agent ¢ (w.r.t. her knowing how capabilities) is given by her
indistinguishability relation over plans (the set S; at her disposal). Hence, in
what follows we will consider both ontic and epistemic updates.

3.1 Ontic Updates via Public Announcements

Consider first a model operation removing states (and thus updating the rela-
tions). Within the DEL literature, this is interpreted as a public announcement
(PAL; [24]): an epistemic action through which agents get to know publicly that
the announced formula is true. Such an update model operation is described with
the operator [x], semantically interpreted as

M,w = Xy iff M,w = x implies My, w = ¢,
with M, being the submodel of M that arises from taking [x]*™ as the new
domain, and with the relations and the valuation restricted accordingly.

In the original knowing how setting from [31], the relations define the agent’s
abilities. Thus, an update corresponds to both an ontic and an epistemic change
(available actions change, and hence so do the agent’s abilities). However, in the
LTSY-based semantics, relations provide only ontic information; thus, an update
operation produces an ontic change, but not an epistemic one.

The update operator adds expressivity to our Lkp, (a similar result was es-
tablished in [32] for a Kh modality with intermediate constraints).

Proposition 1. Adding [x] to Lkn, increases its expressive power.

Proof. The two LTSYs M and M’ (with S; = S, = {{a}}) below are bisimi-
lar and hence indistinguishable in Lkn,. However, M, w |= [p|Kh;(p, ¢) whereas
M w' - [p]Kh;i(p, q). Dashed lines indicate nodes and edges removed after [p].

U __a_.>’-.l /
w \_ M

A consequence of Prop. 1 is that the modality for PAL-like updates is not re-
ducible to the base logic. This makes sense, as the underlying static logic (Lkn,)
only expresses properties relative to the existence of a way to achieve certain tar-
get states from certain origin states. There is no way to characterize the updates
produced by [x] with the expressive power provided by the Kh; modality. This
is in contrast with what happens when these modalities are added to standard
epistemic logic, where reduction axioms can be defined (see, e.g., [28]).
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Is it possible to define an alternative, PAL-like update operator, for which
reduction axioms exists in Lkp,? We will answer this question below.

Definition 9. Formulas of the language PALkp, are given by

pu=p|-eleVelKhilee) | [lele,
with p € Prop and i € Agt.

Definition 10. Let M = (W,R,S,V) be an LTSY, and let x be a PAlLkp, -
formula. We define My, = (Wi, Riy, Sy, Vi), where:

- WIX = [[XHM7
~ (Ri)a = {(w,v) €Ra | w € M, Ra(w) € [X]M} for every a € Act,
- Siy =S8, and Vi, (w) = V(w).

We extend the satisfaction relation |= from Def. 6 with the case:
M,w = [IX]e iff M,w = x implies My, w = ¢.

The only difference between the M, introduced above and the standard M,
(which is the restriction of M to the states satisfying x) is in the definition of
the relations. In the proposal here, a stronger condition is needed for an a-edge
from a state w € [x]™ to survive after the update: if Rq(w) € [x]™ then
(Riy)a(w) = 0, but if Re(w) C [x]™ then (Riy)a(w) = Rq(w). Notice that in
this context, the elimination of some states indicates that the situations they
describe are no longer reachable, rather than no longer possible.

The two forms of model update discussed above bear a resemblance to the two
forms of updating neighbourhood models from [21]. Recall that a neighbourhood
model [25,23] is given by: a non-empty domain W, an atomic valuation, and a
neighbourhood function N : W — 22W, assigning a set of sets of states to each
possible state. Let U C W be a non-empty set of states. On the one hand, the U-
intersection submodel defined in [21] has U as its domain, with its neighbourhood
function built by restricting each set in a neighbourhood to the new domain,
analogous to what M, (a standard announcement) does. On the other hand,
the U-subset submodel therein also has U as its domain, but its neighbourhood
function is built by keeping only those sets that are already a subset of the new
domain, analogous to what M, does. We argue that this second approach is
more appropriate in the context of knowing how.

Even with this, more restricted, version of update, the resulting logic fails to
have reduction axioms as the following proposition shows.

Proposition 2. PALkp, is more expresive than Lgn, over arbitrary LTSYs.

Proof. Let M and M’ the single agent models depicted below (states and edges
depicted with dashed lines are those removed in M), and M., respectively),
with S; := {{ab}} and S; := {{a}}:

b

a_ -7 a
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RAtom F [!Ix]p < (x — p)
R- FIx]-e < (x = =[Ix]le)
Rv FIX](e V) < [Ix]e v [IX]¥

RKh - [Ix]Khi(p, ¥) < (x = Khi (x A [Ixde, x A [Ix]9))
RE[y From F ¢ <> 1 derive F [Ix]e < [Ix]¢

Table 2: Reduction axioms l:pALKh‘ .
i

Both models are Lgp,-bisimilar (Def. 8); hence, they satisfy the same formulas
in Lgp,. However, M, w = [Ir]Kh;(p, q) since M, w |= r and My, w ~ Kh;(p, q),
whereas M’ w' |= [Ir]Kh;(p, ¢) since M’,w’ = r and M., w = Kh;(p, ¢).

By furthermore restricting the class of models in which we will evaluate
formulas, we are able to obtain reasonable reduction axioms.

Note that LTSUs contain a set S; of sets of plans for each agent i, which
determines the perception of the agent w.r.t. her abilities. For instance, it may
be the case that two plans ab and cd belong to some m € §;, i.e., they are
indistinguishable for agent i. In [5] it has been shown that the logic cannot
distinguish between the class of arbitrary LTSYs, and the class of models where
each 7t € S; is a singleton with 7t C Act. This is no longer the case in the presence
of ['x] (as the proof of Prop. 2 shows).

Definition 11. Define M! as the class of models M = (W, R,S, V) such that
for alli € Agt and m e S;, m C Act.

M constitutes a restricted class of models, which could correspond, for ex-
ample, to a more abstract representation of the abilities of the agents, in which a
course of action is modeled as a single action. The reduction axioms from Table 2
are valid in the class of models M!. Moreover, we can use them to eliminate an-
nouncements by iteratively replacing the innermost occurrence of a [!x] modality.
Thus, we get completeness for PALkp, .

Theorem 3. Lkp, together with the reduction azioms for [Ix] in Table 2 are a
sound and strongly complete axiomatization for PALkp, w.r.t. M!.

3.2 Ontic Updates via Arrow Updates

Another framework for modifying relational models is Arrow Update Logic (AUL;
[17]). Tt differs from PAL in that it removes only edges, thus keeping the do-
main intact. In standard epistemic logic, this corresponds to changes in uncer-
tainty (e.g., the epistemic indistinguishability might be reduced, so intuitively
the agents gain knowledge). For knowing how logics, the situation is different:
updating edges in an LTS corresponds to updating the abilities of the agents,
as arrows represent execution of actions. We introduce now a logic for arrow
updates in the context of our knowing how logic.

Definition 12. Formulas of the language AULkp, are given by

pu=p|l-p|eVe|Kh(e )| [Ule,
U= (p,0) | U, (0,0),
with p € Prop and i € Agt.
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Rloin (Ul < (A1, 0is A, 0]

RAtom [(6,0")]p < p
R [(6,0")] = « =[(0, 0)]¢
Rv (0, 9'%]@7 V) < [(0,0")]e v [(0,07)]

RKh (0, 0")]Kh; (o, %) < A([(0,0)]@ — 0) A Khi([(0,0)]¢, 0" A[(0,07)]4)
REy From F ¢ <> 1 derive F [(0,0")]p + [(0,0")]y

Table 3: Reduction axioms Layy, with U = (01,01),...,(0n,0},).
2

Definition 13. Let M = (W, R,S, V) be an LTSY, and U = (01,0}),...,(0,,0.)
be such that 0;,0, are AULkp,-formulas, for all 0 < i < n. We define My =
(W, Ry, S, V), where for every a € Act,

(Rv)a = {(w,v) € Ra(w) | w € [AIL; 0:]™, Ra(w) S [ALL; 0]}
Note that if w € [A]_, 6;,]™ and Rq(w) C [A—; 0/]™, then R, (w) = Rq(w).

=1 "1
Moreover, R, (w) # 0 iff w € [A]_; 0:], Ra(w) C [Al, 0/]™ and R, (w) # 0.
Once again, the update here differs from the original one in e.g., [17], in that
given a state satisfying the precondition, it takes in consideration all the states
that are reachable from it. Thus, the satisfaction of the postcondition at all those

states defines whether the arrows are preserved or not.

Definition 14. We extend the satisfaction relation |= from Def. 6 with the case:

As in the PAL case, AUL performs ontic updates rather than epistemic up-
dates over LTSV-based knowing how.

Proposition 3. AULky, is more expressive than Lkn, over arbitrary LTSYs.

Proof. By using the models from Prop. 2, we have that M, w & [(r,7)]Kh;(p, q)
and M, w' = [(r,r)]Kh;(p, q).

Again, the reduction axioms from Table 3 are valid in the class of models
M!, and we can use them to eliminate all the occurrences of the [U] modality.

Theorem 4. Lk, together with the reduction axioms for [U] in Table 3 are a
sound and strongly complete aziomatization for AULkp, w.r.t. M.

3.3 Epistemic Updates, Preliminary Thoughts

In this section we present some preliminary results on different ways in which
interesting epistemic updates can be introduced in the context of a knowing how
operator. No complete axiomatization is available yet. Instead, we will discuss
a number of proposals for update operators and show that they can be used to
express some relevant properties.

Removing uncertainty between two plans. One of the advantages of LTSYs
is that they allow a natural representation of actions that affect the abilities of an
agent, but also her epistemic state. In an LTSY, the crucial epistemic component
is the set S;, defining not only the plans agent i is ‘aware of’, but also the level
at which she can discern among them. Thus we can represent changes in the
epistemic state of an agent by means of operations that modify S;.
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Ezample 2. Let M be the LTSY from Ex. 1. Recall that M (¥ Kh;(h,g). The
conflicting plan is ebmfsp, which does not lead to a good cake. Thus, if agent
Jj is able to tell apart ebmfsp from ebfmsp (which is the good plan), she would
be able to know how to get a good cake, provided she has the ingredients. If
agent j learns that the order of the actions matters (so ebmfsp is distinct from
ebfmsp), the set 7w = {ebfmsp, ebmfsp} is split into two singleton sets. After such
a splitting, she knows how to achieve g given h.

We introduce an operation that eliminates uncertainty between specific plans.
In an LTSY, there might be different ways of making distinguishable two previ-
ously indistinguishable plans: the different ways one can split a set containing
both. First, some notation.

Definition 15. Let 71,1y, m5 € 224 and S C 22 . We write 1 = 1 & 1o iff
7T =711 U Tl and T N 71 =0.

Forme S and = 1y Wta, define S?{Tm my © A s the result of refining T
through {my, ma}: STy = (S\ {m}) U{m, mo}.

Definition 16. Let S,S" C 2A%) - and let 01,09 € Act® be such that o1 # 0.
We write S ~31 S" if and only if either

— S"' =S and there is no m € S satisfying {1,092} C 7, or
-5 = S?m _ for some 7 € S satisfying {01,020} C T, with 1, My € 24t
such that m= 1 W7y and o1 € 1, 09 € To.

Note: the relation ~»7! is serial and functional. Moreover, if S is the set of
sets of plans for a given agent i in some LTSY (i.e., S = S;) and S’ is the unique
set satisfying S ~+Z! S’, then the structure resulting from replacing S by S’ is
an LTSY.

Definition 17. Let M = (W,R,S,V) be an LTSY, and let S' = {S}}icage with
SL C 2 Let gy, 09 € Act®. We write S ~71 S" iff for each i € Agt, S; ~71 S..
We denote by Mg, the LTSY obtained by replacing S by S'.

The definition above guarantees there is a one-to-one correspondence be-
tween the sets in S and those in S’. With these tools at hand, we introduce the
new modality (o1 7 02), semantically interpreted as an action through which all
agents learn that plans o1 and o9 are different. We use Lgrer (Ref for “refinement”)
to denote the extension of Lkh, with (o £ 02).

Definition 18. Let M = (W, R,S,V) be an LTSY and w € W. For o1 # 03,
M,w = (o1 £ o) iff,, thereis S’ sit. S~ S and MG, w = .
As usual, we define [01 7 o3]p = (01 %t g2) .

Formulas of the form (o7 £ 03)¢ can be read as follows: “after it is stated
that plans 01 and oo are distinguishable, @ holds”. For instance, taking Ex. 2,
(ebmfsp # ebfmsp)Kh;(h, g), establishes that “after it is stated that ebmfsp and
ebfmsp are distinguishable plans, agent j knows how to produce a good cake,
provided she has the ingredientes”.

The proposed modality has some natural properties: it is normal and serial.
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Proposition 4. It follows from the semantics that:

1. oA oo)(p = ¥) = ([o1 A o2]p = [o1 £ 02]t)).
2. If E o, then = (o1 % o2)e.
3. oA ooe = (o1 £ o2)e.

This dynamic modality both preserves knowledge and can generate new one.

Proposition 5. Let o, be propositional formulas. Then,

1. | Khi(p,¥) = [o1 # 02]Khi(p, ¥).
2. =Kh;(p,¥) A [o1 # 02]Kh;(p, ) is satisfiable.

Proof. For Item 1, suppose M, w = Kh;(¢,%). Then there is 7w € S; s.t. [p] ™ C
SE(7) and R ([]™) C [¢]M. Let o1, 02 € Act*. If 01 & mor o9 & 7, then 7 does
not change and is still the witness for Kh; (¢, ¥). If, however, o1, 0o € 7, there will
be a partition of 7t, {1, 72} s.t. S; ~71 Sifr, r,3- But this does not cause any
problem since [¢]™ C SE(m) € SE(m,) and R, ([p]) € Re([]) € [¥]™,
for k € {1,2}. Here agent i knew how to go from p-states to i-states via 7.
Weakening such 7t by making a partition still holds the property, allowing the
agent to choose between 711 or 7> as her next witness. Since all the cases for o
and oy are covered, M, w = [o1 # 02]Kh; (g, 1). For Item 2, see Ex. 2.

The new modality adds expressivity, as it can talk explicitly about plans:
Proposition 6. Lges s more expressive than Lkn, -

Proof. We need to display two Lgp,-bisimilar LTSYs that can be distinguished
by an Lgres-formula. Let M and M’ the single agent models depicted below, with
Si := {{a}} and S} := {{a, b}}, respectively:

a_(9) a_»(1)
M w (P) w' (P) M
a>) b >0

The models are Lgp,-bisimilar, thus they satisfy the same formulas in Lgp,
(in particular —=Kh;(p, ¢)). But, M, w W (a % b)Kh,(p, ¢) since S ~¢ S, whereas
M w' | (a#b)Kh;i(p, q), since there is S” = {{a}, {b}} s.t. §" ~¢ S".

Arbitrary refinement over plans. As mentioned, the operation (o1 ¢ g3) can
be seen as a particular form of (publicly) removing uncertainty: one indicates
precisely the plans that can be distinguished now, and then quantifies over the
different ways of doing so. The operation defined below is a more abstract one:
in the spirit of other proposals that quantify over epistemic actions (e.g., the
arbitrary announcements of [6], the arbitrary arrow updates of [29], the group
announcements of [1] and the coalition announcements of [3]), it quantifies over
all the different ways in which the agent’s indistinguishability can be refined.

Definition 19. Let M be an LTSY and w € Doq. Then,
M,w = (L) iff,, there are 01,09 € Act™ s.t. M, w = (01 % 02)¢.

As usual [£]o = ~(£)—p. We denote Lares (for “arbitrary refinement”) as the
extension of Lkn, with the modality ().
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The resulting modality is normal and serial, satisfies natural properties of
Monotonicity and Weakening, but fails for dynamic versions of axioms 4 and 5.

Proposition 7. It follows from the semantics that:

- E e =) = ([#le = [#]).

- f = o, then = [#]p.

= [Ale = (#)e.

E () = () (e V) and = ] — [#](@ V) (Monotonicity).
E (A (e AY) = (e and | [#](w A) = [£]p (Weakening).

= [#le = [#l[#4e (aziom 4).

= —[£lp = [#]-[¢)e (aziom 5).

By definition, = (01 % 02)¢ — (#£)p, but the exact expressivity relation
between the two resulting logics requires further developments. In particular,
given the mismatch between the two languages (Lger is able to talk about specific
plans whereas Lagef is not), it does not seem trivial to give a translation from
one logic to the other. However, by using the same argument as in Prop. 6, it is
easy to show the following:

NS

NS G Lo

Proposition 8. Lares s more expressive than Lgp,.

Goal directed learning how. One might notice that knowing how operators
are goal-directed: the agent looks for a suitable course of action that makes her
achieve a certain state. It is possible to define an operator that, when possible,
guarantees that the agent learns how to achieve a goal. This action can be
understood as a goal-directed learning how: it looks for a way to split some
existing set of plans 7t in such a way that the agent knows how to achieve ¢
given .
Let Lip (for “learning how”) be Lkp, extended with the dynamic modality
(¥, 0)ix = () (Khi(¢, ©) A X),
(and its ‘dual’ [, ];x := = (¥, );—x). Moreover, we define L;(v, ¢) := (¥, ©); T
an abbreviation for “the agent ¢ can learn how to make ¢ true in the presence
of ¢”. Notice that Ly, is a syntactic fragment of Lages.

The new dynamic modality is a ternary modality expressing that the agent
is able to learn how to achieve ¢ given 1, and that after this learning operation
takes place, x holds. The modality L; is a test of what is learnable by the agent 4.
The next proposition states some interesting properties of these modalities.

Proposition 9. It follows from the semantics that:

1. % I—i((p,'(/J),'
2. Li(p,¥) A Li(p, ) is satisfiable.

Proof. Ttem 1 shows that not everything is learnable by an agent. The (un)avail-
ability of certain actions in an LTSV restricts what can be learnt. Consider the
following single-agent LTSY M, with the set S; shown on the right.

M @@ ED 5= o) (o)
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Note that M, w = Kh;(p,r). The set {ab,a} is not executable at every p-state,
it is only executable at w. On the other hand, {e} is executable everywhere, but
does not lead always to r-states. Moreover, M, w = L;(p,r). The set {e} cannot
be refined, and no refinement of {ab, a} does the work. Therefore, agent ¢ cannot
learn how to make r true when p holds.

For Item 2 consider the model M’ in Prop. 6. As said, M’,w" & Kh;(p, q).
However, there is a way to learn how to achieve ¢ given p: it is possible to split
the set {a,b} into {a} and {b}; hence, M’ w' = L;(p, q) (witness {a}) but also
M W' Li(p, —q) (witness {b}).

Item 1 shows how, in certain scenarios, there is no room for learning. For
instance, there might be no way to learn how to cure a disease, if there is no
doctor available. Item 2 shows how the agent might be able to learn not only
how to make a formula true under a given condition, but, at the same time, how
to make the same formula false under the same condition.

Once more, [x, 1] (seen as a unary modality) is a normal modality:

Proposition 10. The modality [x, ] is normal:

L E D6yl0 = @) = ([x,¥10 — [x, ¥]e).
2. If & ¢, then =[x, ¥]e.

We finish the section by stating some expressivity connections between the
dynamic modalities we just discussed.

Proposition 11. The following propositions are true:

1. Ly is more expressive than Lkp, .
2. Lpn is mot more expressive than Lges.

Proof. Ttem 1 is proved as Prop. 6: the formula (p, ¢)Kh(p, ¢) distinghuishes the
two LTSYs. For Item 2 consider the two LTSYs below:

a Q c @
M w 0 M
@ a >0

For each model, consider respective sets S; = {{a,b}} and S, = {{c,d}}. Since
L cannot explicitely talk about plans, M,w and M’,w’ are indistinguishable
for it. In Lgef, M, w = (ab)Kh;(r,p) and M’ w’ & (ab)Kh;(r,p).

4 Conclusions

Taking the uncertainty-based semantics from [5] as our starting point, we in-
vestigated dynamic modalities in the context of knowing how logics. In this
regard, we studied two forms of updates: ontic updates, via annoucement-like
and arrow-update-like modalities; and epistemic updates, refining the perception
of an agent regarding her own abilities. For the operators encompassed in the
former family, we provided axiomatizations over a particular class of models, via
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reductions axioms; for the latter family, we discussed some preliminary thoughts
and semantic properties of each operator.

We consider this to be the first step towards a more general theory of dynamic
epistemic logics for knowing how. Moreover, our work opens the path to study
other dynamic operators in this context. For instance, it is known that dynamic
operators do not satisfy uniform substitution in general (see, e.g., [4]). It would
be interesting to explore alternative techniques for obtaining proof systems with-
out a general rule of substitution. Another approach could be playing with the
operators’ expressivity (e.g., by expressing other properties about the abilities),
in order to find fragments that are axiomatizable via reduction axioms.

Acknowledgments. Our work is supported by ANPCyT-PICT-2020-3780, CO-
NICET project PIP 11220200100812CO, and by the LTA SINFIN.
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Abstract. We consider a syntax and semantics of modal logics based on para-
metrized modal connectives with 3V-satisfaction definitions, we axiomatically
introduce different parametrized modal logics, we prove their completeness with
respect to appropriate classes of parametrized relational structures and we show
the decidability of some related satisfiability problems.
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1 Introduction

The connective ¢ of arity 1 usually considered in the propositional modal language
has a -satisfaction definition: in relational models of the form (W, R, V') where R is
a binary relation on a nonempty set W of possible worlds, V' interprets formulas in
such a way that for all formulas ¢, the possible world s is in V' ({y) exactly when for
some possible world ¢, sRt and ¢ € V(). Within the context of temporal reasoning,
the until connective U/ of arity 2 has been considered in order to increase the expressive
power of the propositional modal language, its IV-satisfaction definition being such
that in models (W, R, V') as above, for all formulas ¢, ), the possible world s is in
V (¢U1)) exactly when for some possible world u, sRu, u € V(¢) and for every pos-
sible world ¢, if sRt and tRu then t € V (y). As is well-known, the use of the until
connective U/ of arity 2 allows to characterize more classes of relational structures than
we can characterize in the propositional modal language based on the connective ¢ of
arity 1 [3, Chapter 7]. Moreover, the use of the until connective ¢/ has no dramatic con-
sequence on the computational complexity of the satisfiability problem, this problem
being PSPACE-complete in the most popular classes of models usually considered
for applications of temporal reasoning [16, 17].

Therefore, a question naturally arises: without dramatically affecting the computational
complexity of the satisfiability problem, are there other ways to increase the expressive
power of propositional modal languages by considering other connectives with com-
plex satisfaction definitions? Let us consider a propositional modal language based on
a connective ¢ of arity 2. Traditionally, its relational models are of the form (W, R, V)
where R is a ternary relation on a nonempty set W of possible worlds and V" interprets
formulas in such a way that for all formulas ¢, v, the possible world s is in V (©0)
exactly when for some possible world u, u € V() and for some possible world ¢,
t € V(p) and sR(t, u). On the pattern of the until connective I/ and its 3V-satisfaction



definition, let us consider a propositional modal language based on a new connective ¢
of arity 2 and such that in models (W, R, V') as above, for all formulas ¢, 1), the possi-
ble world s is in V' (4#1)) exactly when for some possible world u, u € V(¢) and for
every possible world ¢, if t € V(i) then sR(t, u). With such syntax and semantics at
hand, can we characterize more classes of relational structures than we can characterize
in the propositional modal language based on the connective ¢ of arity 2? And what is
the price to pay in terms of the computational complexity of the satisfiability problem?

Obviously, given a ternary relation R on a nonempty set ¥/, we can naturally con-
sider the function R : (W) — (W x W) such that for all subsets A of W
and for every s,u in W, sR(A)u exactly when for every ¢t in W, if ¢t € A then
sR(t,u). Obviously, the main property of such function is that for all subsets A of
W, R(A) = N{R{t}) : t € A}. Reciprocally, given a nonempty set W and a
function R : (W) — (W x W) satisfying the above property, we can naturally
consider the ternary relation R on W such that for every s, ¢, u in W, sR(t, u) exactly
when sR({t})u. This suggests us to consider a propositional modal language based
on a connective ¢ of arity 2 and such that in models of the form (W, R, V') where W
is a nonempty set of possible worlds and R : (W) — (W x W) is a function
satisfying the above property, for all formulas (, 1, the possible world s is in V (o 4))
exactly when for some possible world u, u € V(¢)) and sR(V ())u. In this paper, with
such syntax (Section 2) and semantics (Section 3) at hand, we axiomatically introduce
different modal logics (Section 4), we prove their completeness with respect to appro-
priate classes of relational structures (Sections 5 and 6) and we show the decidability of
some related satisfiability problems (Section 7).

2 Syntax

Let P be a countably infinite set (with typical members denoted p, ¢, etc). Members
of P will be called atomic formulas. A tip is a set X of finite words over the alphabet
PU{L,—~,V,4,(,)} (with typical members denoted ¢, 1, etc). Let £ be the least tip
such that P C £ and for all finite words ¢, v,

-lecL,

if o € Lthen —p € L,

if o, 9 € Lthen (p V) € L,
- if p,9 € L then (o) € L.

Members of £ will be called formulas. The Boolean connectives T, A, — and <> are
defined as the usual abbreviations. For all ¢, v € L, anticipating the fact that the roles
of ¢ and v in (o 41)) are not symmetric, let (oMi)) be an abbreviation of —(o4—t)). We
adopt the standard rules for omission of the parentheses. A tip X is readable it X C L.
A readable tip X is closed if for all p, ¢ € L,

- ifnpe Xthenp e X,
- ifo VY e Xthen p,9p € X,
— if o4 € X then p,9p € X.



For all ¢ € L, let X, be the least closed readable tip containing . For all ¢ € L, let
|lo|| be the length of .

Lemma 1. Forall p € L, Card(X,) < |¢|.

From now on in this paper, for all p,v € L, we will write “(()1)” instead of “p 4
and “[p]y” instead of “oMi)”. For all ¢ € L and for all readable tips X, let [] X be the
set of all ¢ € £ such that [p]y) € X.

3 Relational semantics

A frame is a couple (W, R) where W is anonempty setand R : (W) — (W xW).
A frame (W, R) is conjunctive if for all A € p(W), R(A) = ({R({s}) : s € A}.
A frame (W, R) is preconjunctive if R()) = W x W and for all A, B € (W),
R(AU B) = R(A) N R(B). A frame (W, R) is paraconjunctive if R()) = W x W
and for all A, B € p(W),if A C B then R(A) 2 R(B). A frame of indiscernibility is
a frame (W, R) such that for all A € p(W), R(A) is an equivalence relation on .

Lemma 2. Every conjunctive frame is preconjunctive.

Example 1. There exist preconjunctive nonconjunctive frames. For instance, the frame
(W, R) where W = N and for all A € p(N), if A is finite then R(A) = N x N else
R(A) = (. Obviously, this frame is preconjunctive. However, it is not conjunctive,
seeing that R(N) = () and ({R({s}): s e N} =N x N.

Lemma 3. Every preconjunctive frame is paraconjunctive.

Example 2. There exist paraconjunctive nonpreconjunctive frames. For instance, the
frame (W, R) where W = N and for all A € p(N), if Card(A4) < 2 then R(A4) =
N x Nelse R(A) = 0. Obviously, this frame is paraconjunctive. However, it is not
preconjunctive, seeing that R({0,1}) = @ and R({0}) N R({1}) = N x N.

A valuation on a frame (W, R)isaV : L — (W) such that for all ¢, € L,

- V(L) =0,

- V(mp) =W\ V(yp),

- V(pVy) =V(p) UV (¥),

— V) ={seW: FHeW (sRV(p)t&te V())l}

A model is a triple consisting of a frame and a valuation on that frame. A model is con-
Jjunctive (resp., preconjunctive, paraconjunctive) if it is based on a conjunctive (resp.,
preconjunctive, paraconjunctive) frame. A model of indiscernibility is a model based on
a frame of indiscernibility.

Example 3. The frame (W, R) where

- W =R?,

— forall A € p(R?), R(A) is the binary relation on R? such that for all s, € R?,
sR(A)t if and only if for all u € A, d(s,t) < d(s,u) where d : R? x R? — RT
is the distance function in R?,



is conjunctive. For all valuations V on (W, R) and for all p, % € L, if V(p) # 0 then
V ({¢)1) is the set of all s in R? such that for some ¢ in R?, ¢ is in V (¢)) and the open
disc with center s and radius d(s, t) does not intersect V().

Example 4. The frame (W, R) where

- W =R3,

— forall A € p(R3), R(A) is the binary relation on R3 such that for all s, € R?,
sR(A)tif and only if for all u € A, not L(s,t,u) where L C R? x R3 x R3 is the
collinearity relation in R?,

is conjunctive. For all valuations V on (W, R) and for all ¢, ¢ € L, if V(¢) # 0 then
V ({¢)1) is the set of all s in R? such that for some ¢ in R3, ¢ is in V/(¢)) and the line
passing through s and ¢ does not intersect V().

The satisfiability problem on a class C of frames is the following decision problem:

input: a formula ¢,
output: determine whether there exists a model (W, R, V') based on a frame in C such
that V' () # 0.

A formula ¢ is true in a model (W, R, V') (in symbols (W, R, V) = @) if V(p) = W.
A formula ¢ is valid on a frame (W, R) (in symbols (W, R) |= ) if for all (W, R)-
valuations V, (W, R, V) = ¢. A formula ¢ is valid on a class C of frames (in symbols
C | ) if for all frames (W, R) inC, (W, R) & ¢.

Example 5. On the class of all paraconjunctive frames, the following formulas are
valid: [L]p — pand (L)p — [L]{L)e.

Example 6. On the class of all paraconjunctive frames, the following formulas are
valid: [L](¢ — ) = ([¢lx — [¥]x)-

Example 7. On the class of all frames of indiscernibility, the following formulas are
valid: [p]¢) — 4 and (@)y) — []{()1).

A bounded morphism from a frame (W, R) to a frame (W' ,R')isa f: W — W'
such that

Forward condition: for all s,¢ € W and for all A € (W), if sR(A)t then f(s)
R(fA]) (1),

Backward condition: for all s € W, for all ¥ € W’ and for all A € (W), if
f(s)R'(f[A])t' then there exists t € W such that sR(A)t and f(t) = t'.

Lemma 4. For all frames (W, R) and (W', R) and for all bounded morphisms f from
(W,R) to (W', R'), if f is surjective then for all valuations V' on (W' R'), the V :
L — (W) such that for all ¢ € L, V(¢) = f[V'(p)] is a valuation on (W, R).

Lemma 5. For all frames (W, R) and (W', R') and for all bounded morphisms [ from
(W,R) to (W', R), if [ is surjective then for all formulas ¢, if (W, R) = o then
(W' R) = .



4 Axiomatizations

A unidimensional parametrized modal logic (UPML) is a set of formulas containing the
following formulas:

(A1) all formulas obtained from propositional tautologies after having uniformly re-
placed their atomic formulas by arbitrary formulas,

(A2) [pl(¥ = x) = ([plY — []X),

and closed under the following rules:

(Ry) 2522,
(R2) i,
(R3) Y

[plx e [¥]x -

A UPML is conjunctive if it contains the following formulas:

(Az) [Le = ¢, (L)e = [LI(L)e,
(Aq) [Ll(p = ¥) = ([elx = [¥]x)-

Let K (resp., K¢) be the least UPML (resp., the least conjunctive UPML). Let S5¢
(resp., S5.) be the least UPML (resp., the least conjunctive UPML) containing the
following formulas:

(As) [e]Y = ¥, () = [l ().

For all UPMLs L and for all sets X of formulas, let L+ X' be the least UPML containing
LU X. AUPML L is consistent if L # L. For all UPMLs L, we will say that a set s of
formulas is L-consistent if for all n € N and for all 1, ..., ¢, € 8,2 (p1A...Apy) &
L. Notice that for all consistent UPMLs L, L is a L-consistent set of formulas.

Lemma 6. For all UPMLs L and for all L-consistent sets s of formulas, there exists a
maximal L-consistent set t of formulas such that s C t.

Lemma 7. For all UPMLs L, for all maximal L-consistent sets s of formulas and for
all formulas @, ), if () € s then [p]s U {1} is a L-consistent set of formulas.

A UPML L is sound with respect to a class C of frames if for all formulas ¢, if ¢ € L
then C = . A UPML L is complete with respect to a class C of frames if for all
formulas ¢, if C |= ¢ then ¢ € L. The proofs of the soundness statements expressed in
Proposition 1 are as expected.

Proposition 1. In Table 1, the UPMLs listed in the left column are sound with respect
to the corresponding classes of frames listed in the right column.

As for the proofs of the corresponding completeness statements, they are not so obvi-
ous, especially when the considered UPMLs are conjunctive. Indeed, the problem with
conjunctive UPMLs is that the operation of intersection — which is used in conjunctive
frames for the interpretation of the modalities — is not modally definable [1, 15].



UPMLs Classes of frames

K¢ All frames
Sbg All frames of indiscernibility
K. All paraconjunctive frames

All preconjunctive frames
All conjunctive frames
S5c  |All paraconjunctive frames of indiscernibility
All preconjunctive frames of indiscernibility
All conjunctive frames of indiscernibility

Table 1.

5 Completeness: the general case

From now on in this section, we will assume that L is a consistent UPML. Let (Wg, Rg)
be the couple where

— W, is the set of all maximal L-consistent sets of formulas,

- Ry : p(Wy) — p(WyxW,)issuchthat forall A € p(W,)and forall s,t € Wy,
sRg(A)t if and only if for all formulas ¢, if & = A then [p]|s C t where $ denotes
the set of all uw € W, such that ¢ € u.

Lemma 8. For all formulas o, 1), if p = 12; then p < 1) € L.

Since L is a L-consistent set of formulas, by Lemma 6, W, is nonempty.
Lemma 9. (W,, R,) is a frame.

Lemma 10. If L contains S5¢ then (W, Ry) is a frame of indiscernibility.
Let V, : L — p(WW,) be such that for all formulas ¢, V() = @.
Lemma 11 (Truth Lemma: the general case). (W, R,, V,) is a model.
Proposition 2 is a consequence of Lemmas 6, 9, 10 and 11.

Proposition 2. - K, is complete with respect to the class of all frames,
— Sbg is complete with respect to the class of all frames of indiscernibility.

6 Completeness: the conjunctive case

From now on in this section, we will assume that L is a consistent conjunctive UPML.

Lemma 12. For all maximal L-consistent sets s,t,u of formulas, [L]s C s and if
[L]s Ctand[L]s C uthen L]t C u.

Let so be a maximal L-consistent set of formulas. Let (W,, R..) be the couple where

— W, is the set of all maximal L-consistent sets s of formulas such that [L]sg C s,



- R.: p(W.) — (W, x W.) is such that for all A € p(WW..) and for all s, ¢ € W,
sR.(A)t if and only if for all formulas ¢, if  C A then [p]s C t where @ denotes
the set of all u € W, such that ¢ € u.

Lemma 13. For all formulas o, 1,

— if$ C Y thenforall s € W,, [L](¢ — ¥) € s
— if @ = 0 then for all s,t € W,, [p]s C t.

Since sq is a maximal L-consistent set of formulas, by Lemma 12, W, is nonempty.
Lemma 14. (W., R.) is a paraconjunctive frame.

Lemma 15. [fL contains S5. then (W, R..) is a paraconjunctive frame of indiscerni-
bility.

Let V. : £ — o(W.) be such that for all formulas ¢, V,(¢) = @.

Lemma 16 (Truth Lemma: the paraconjunctive case). (W., R., V.) is a model.
Proposition 3 is a consequence of Lemmas 6, 14, 15 and 16.

Proposition 3. - K. is complete with respect to the class of all paraconjunctive fra-
mes,
— Sb¢ is complete with respect to the class of all paraconjunctive frames of indis-
cernibility.

Now, let us turn to the completeness of K. with respect to the class of all preconjunc-
tive frames and the class of all conjunctive frames and the completeness of S5, with
respect to the class of all preconjunctive frames of indiscernibility and the class of all
conjunctive frames of indiscernibility. In this respect, Lemmas 17 and 18 will be our
key results.

Lemma 17. Let (W, R) be a paraconjunctive frame. There exist a conjunctive frame
(W', R') and a surjective bounded morphism from (W' R’ to (W, R).

Proof. This proof ends after Claim 6. Let A be the setof all 7 : (W) x W — {0, 1}.
Let (W', R’) be the couple where

- W' =W x A,
- R p(W') — (W' x W) is such that for all A" € (') and for all
(s,0),(t,7) € W', (s,0)R'(A")(t, ) if and only if for all A € (W),
o if AN (A x A 7£ () then sR(A)t if and only if for all u € A, o(A,u) =
T(A,u),
e forall (u,v) € A/N(Ax A),0(A,u) =T1(A,u).

Claim 1. Forall A’ € p(W'), R'(A") = "{R ({(u,v)}) : (u,v) € A’}

Proof. Let A’ € p(W'). We demonstrate R'(A") O ({R' ({(u,v)}) : (u,v) € A’},
the “C” direction being left as an exercise for the reader. Arguing by contradiction,
suppose R'(A") 2 ({R' ({(u,v)}) : (u,v) € A'}. Hence, there exist (s,0), (¢,7) €
W’ such that not (s,0)R'(A’)(t,7) and for all (u,v) € A’, (s,0)R' ({(u,v)})(t, 7).
Thus, for all (u,v) € A" and for all A € p(W),



— if {(u,v)} N (A x A) # 0 then sR(A)t if and only if for all v € A, o(A,v) =
T7(A,v),
- forall (v,w) € {(u,v)} N (A x A),0(A,v) =7(A,v).

Consequently, for all A € p(W),

- if A’ N (A x A) # () then sR(A)t if and only if forallv € A, 0(A4,v) = 7(4,v),
— forall (v,w) € A’ N(Ax A),c(A,v)="T1(A,0).

Hence, (s,0)R'(A’)(t, 7): a contradiction.

Claim 2 is a consequence of Claim 1.

Claim 2. (W’  R’) is a conjunctive frame.

Let f : W’ — W be such that for all (s,0) € W/, f(s,0) = s.
Claim 3. f: W’ — W is surjective.

Notice that for all A € p(W), f~1[A] = A x A.

Claim 4. For all (s,0), (¢t,7) € W' and forall A’ € p(W’), if (s,0)R'(A")(¢,7) then
sR(f[A))t.

Proof. Let (s,0),(t,7) € W and A" € po(W’). Suppose (s,0)R'(A’)(t, 7). Arguing
by contradiction, suppose not sR(f[A’])t. Hence, f[A’] # (). Thus, A’ N (f[A] x A) #
(. Since (s,0)R'(A")(t,7), sR(f[A’])t if and only if for all v € f[A'], o(f[A'],v) =
7(f[A’],v). Moreover, for all (u,v) € A’ N (f[A"] x A), o(f[A],u) = 7(f[A],u).
Consequently, for all u € f[A'], o(f[A'],u) = 7(f[A'],u). Since sR(f[A'])t if and
only if forall v € f[A'], o(f[A'],v) = 7(f[A],v), sR(f[A'])t: a contradiction.

Claim 5. For all (s,0) € W/, for all t € W and for all A’ € (W), if sR(f[A'])t
then there exists 7 € A such that (s,o)R'(A")(t, 7).

Proof. Let (s,0) € W/, t € W and A" € p(W'). Suppose sR(f[A’])t. We demon-
strate there exists 7 € A such that (s,0)R'(A")(¢, 7). Indeed, we are looking for a
7: (W) x W — {0, 1} such that for all B € p(W),

(Cq) if A'N(Bx A) # () then sR(B)t if and only if forall v € B, o(B,v) = 7(B,v),
(Cq) forall (v,w) € AN (B x A),c(B,v) =71(B,v).

Forall B € p(W),let 78 : W — {0, 1} be defined as follows:
Case “sR(B)t”: forallv € W, let 75(v) = o(B,v),

Case “not sR(B)t”: let v® € W be such that v® € B and v ¢ f[A’] (such vB
exists for otherwise B C f[A’] and not sR(f[A’])t) and for all v € W,

— if v # vP then let 78 (v) = o(B,v),
— otherwise, let 72(v) = 1 — (B, v).



Let 7 : (W) x W — {0,1} be such that for all B € (W) and for allv € W,
7(B,v) = 7B(v). Now, we just have to verify that for all B € (W), (C1) and (Cz)
hold. Let B € p(W). About (Cy), suppose A’ N (B x A) # ) and consider the
following two cases: “sR(B)t” and “not sR(B)t”. In the former case, for all v € W,
78 (v) = o(B,v). Hence, for all v € W, o(B,v) = 7(B,v). Since sR(B)t, (Cy)
holds. In the latter case, 72 (v) = o(B, v) for every v € W except when v = vZ. Thus,
o(B,v) = 7(B,v) for every v € W except when v = vZ. Since not sR(B)t, (C)
holds. As for (Cz), it holds, seeing that for all v € W, if v € B and v € f[A’] then
8 (v) = o(B,v).

Claim 6 is a consequence of Claims 4 and 5.
Claim 6. f: W’ — W is a bounded morphism from (W’ R") to (W, R).

Lemma 18. Let (W, R) be a paraconjunctive frame of indiscernibility. There exist a
conjunctive frame of indiscernibility (W', R") and a surjective bounded morphism from
(W', R) to (W, R).

Proof. This proof ends after Claim 12. Let det : (W) x W x W — (W) be
such that for all A € (W) and for all s,t € W, det(A,s,t) = [s]ra) @ [t|r(a)
where [s]r(4) and [t]g(4) are the equivalence classes of s and ¢ modulo R(A) and
@ is the operation of symmetric difference in p(W). Notice that for all A € (W)
and for all s,¢ € W, det(A4, s,t) = 0 if and only if sR(A)t. Let A be the set of all
7 p(W) x W — o(W) such that for all A € p(W), {s € W : 7(A,s) # 0} is
finite. Let (W', R’) be the couple where

- W =W x A,
- R : (W) — (W’ x W) is such that for all A’ € ©(W’) and for all
(s,0),(t,7) € W, (s,0)R'(A")(t, 7) if and only if for all A € p(W),

o if A/ N(Ax A)# () then P{o(4,u) ®7(4,u): ue A} = det(4,s,t)
where @{o(A,u) ® (A, u): u € A} denotes o(A,u1) ®7(A,u1) B ... B
o(A,un) ® 7(A,un), (u1,...,un) being the list of all u € A such that
o(A,u) # 7(A, u),

e forall (u,v) € A’ N(AxA),c(Au)®7(A u) =0

Claim 7. Forall A’ € p(W’), R'(A") = "{R' ({(u,v)}) : (u,v) € A’}

Proof. Let A’ € p(W'). We demonstrate R'(A") O ({R' ({(u,v)}) : (u,v) € A’},
the “C” direction being left as an exercise for the reader. Arguing by contradiction,
suppose R'(A") 2 ({R' ({(u,v)}) : (u,v) € A'}. Hence, there exist (s,0), (t,7) €
W' such that not (s,c)R'(A")(t,7) and for all (u,v) € A', (s,0)R' ({(u,v)})(t, 7).
Thus, for all (u,v) € A’ and for all A € (W),

— if {(u,v)} N (A x A) # () then P{c(A,v) ®T(4,v) : ve A} =det(4,s, 1),

- forall (v,w) € {(u,v)} N (A x A),0(A,v) DT(A,v)=0.

Consequently, for all A € p(W),
- if AN (A X A) # 0 then P{o(A,v) DT(A,v): ve A} =det(4,s,t),



- forall (v,w) € A/ N(Ax A),d(4,v)DT(A,v)=10.
Hence, (s,0)R'(A’)(t,T): a contradiction.

Claim 8 is a consequence of Claim 7 and of the fact that for all A € (W) and for all
s,t,u € W,det(A,s,s) =0 and det(A, s,t) & det(A4, s,u) = det(A,t,u).

Claim 8. (W', R') is a conjunctive frame of indiscernibility.
Let f : W/ — W be such that for all (s,0) € W', f(s,0) = s.
Claim 9. f: W' — W is surjective.

Notice that for all A € p(W), f7[A] = A x A.

Claim 10. For all (s,0),(t,7) € W’ and for all A’ € p(W'), if (s,0)R'(A")(t,T)
then sR(f[A'])t.

Proof. Let (s,0),(t,7) € W' and A" € p(W'). Suppose (s, )R’( (¢, 7). Arguing
by contradiction, suppose not sR(f[A’])t. Hence, f[A’] # 0. Thus, A’ N (f[A] x
) # 0. Since (s,0)R'(4)(t, 7). @{o(f[4),0) & r(f[A],0) : u € fIAT} =
det(f[A'], s,t). Moreover, for all (u,v) € A'N(f[A']|xA), o (f[A],v)eT(f[A],u) =
(). Consequently, for allu € f[A'], o(f[A'],u) ® T(f[A'],u) = 0. Hence, P{o(f[4],
wOT(f[A]u) : u e fIAT} = 0. Since P{o (f[A],w)o7(f[A], ) : u e fIA]} =
det(f[A'], s, ), det(f[A], s,t) = 0. Thus, sR(f[A’])¢: a contradiction.

Claim 11. For all (s,0) € W/, forallt € W and for all A’ € (W’), if sR(f[A'])t
then there exists 7 € A such that (s, o) R'(A’)(¢, 7).

Proof. Let (s,0) € W/, t € W and A" € p(W'). Suppose sR(f[A’])t. We demon-
strate there exists 7 € A such that (s,0)R'(A")(t, 7). Indeed, we are looking for a
T: (W) x W — (W) such that for all B € (W),

(Co) {ueW: 7(B,u) # (0} is finite,
(Cy) if /N (B x A) # 0 then @{o(B,u) ® 7(B,u): u€ B} =det(B,s,t),
(Cy) forall (v,w) € AN (B x A),c(B,v)®7(B,v) =0.

Forall B € p(W),let 78 : W — (W) be defined as follows:
Case “B C f[A']”: forallv € W, let 78 (v) = o(B,v),

Case “B ¢ f[A']”: let vP € W be such that v® € B and v® ¢ f[A’] and for all
veW,

— if v # vP then let 78 (v) = (B, v),
— otherwise, let 72(v) = o(B,v) @ det(B, s,1).

Let 7 : (W) x W — @(W) be such that for all B € (W) and for all v €
W, 7(B,v) = 78(v). Now, we just have to verify that for all B € p(W), (Co),
(C1) and (C3) hold. Let B € p(W). Concerning (Cyp), it holds, seeing that 75 (v) =
o(B,v) for every v € W except when B Z f[A’] and v = vE. About (Cy), suppose



A'N(Bx A) # () and consider the following two cases: “B C f[A']”and “B € f[A']”.
In the former case, since sR(f[A'])t, sR(B)t. Hence, det(B, s,t) = 0. Since B C
flA", forallv € W, 78 (v) = o(B,v). Thus, forallw € W, o(B,v) ® 7(B,v) = (.
Consequently, P{c(B,v) ® 7(B,v) : v € B} = (). Since det(B, s,t) = 0, (Cy)
holds. In the latter case, 72(v) = o(B,v) for every v € W except when v = v5.
Hence, @{o(B,v) ® 7(B,v) : v € B} = o(B,v?) @ 7(B,v?). Since 78(v7) =
o(B,vP) @ det(B, 5,t), (C1) holds. As for (Cz), it holds, seeing that for all v € W,
ifv € Bandv € f[A'] then 78 (v) = o(B,v).

Claim 12 is a consequence of Claims 10 and 11.
Claim 12. f: W’ — W is a bounded morphism from (W', R") to (W, R).
Proposition 4 is a consequence of Lemmas 5, 17 and 18 and Proposition 3.

Proposition 4. - K, is complete with respect to the class of all preconjunctive fra-
mes and the class of all conjunctive frames,
— S5¢ is complete with respect to the class of all preconjunctive frames of indiscerni-
bility and the class of all conjunctive frames of indiscernibility.

7 Filtrations

The equivalence setting determined by a model (W, R, V') and a closed set X of formu-
las is the equivalence relation >t on W defined by

— st if and only if for all formulas ¢ in X, s € V() if and only if t € V().

For all models (W, R, V), for all closed sets X' of formulas and for all s € W, the
equivalence class of s modulo > will be denoted [s]. For all models (W, R, V'), for all
closed sets X' of formulas and for all A € p(TV), the quotient of A modulo > will be
denoted A/<. A model (W', R, V") is a filtration of a model (W, R, V') with respect
to a closed set X of formulas if

- W =W/,
— for all formulas ¢, 9, if (p)1) € X then for all s,t € W,

o if sR(V(¢))t then [s|R'(V (p)/>)[t],

o if [s|R'(V(p)/=)[t] and ¢t € V(¢)) then s € V ({p)1)),
— for all atomic formulas p, if p € X' then V' (p) = V(p)/p<.

Lemma 19. [f the model (W', R', V') is a filtration of the model (W, R, V') with res-
pect to a closed set X of formulas then for all formulas o, if p € X then V'(p) =

Vip) /o<

Now, let us turn to the decidability of the satisfiability problem on the class of all frames,
the class of all frames of indiscernibility, the class of all conjunctive frames and the class
of all conjunctive frames of indiscernibility. In this respect, Lemmas 20-23 will be our
key results.



Lemma 20. Let X be a closed set of formulas and (W, R, V') be a model. There exists
amodel (W' R, V') such that (W' R, V') is a filtration of (W, R, V') with respect to
X

Proof. This proof ends after Claim 14. Let (W', R’, V') be a model such that

- W =W/,

- R': p(W') — (W’ x W')is such that for all A’ € o(W’) and forall s,t € W,
[s]R'(A")[t] if and only if for all formulas ¢, 1, if {(p)1p € X and V(p)/xx = A’
then there exist u,v € W such that s > u, t >t v and uR(V (¢))v,

— for all atomic formulas p, if p € X then V'(p) = V(p) /.

Claim 13. For all formulas ¢, 9, if (p)1) € X then for all s,t € W, if sR(V ())t then
[s]R'(V () /) [t].

Proof. Let ¢, be formulas. Suppose (@)1 € X. We demonstrate for all s,t € W, if
sR(V(p))t then [s]R'(V(p)/>)[t]. Let s,t € W. Suppose sR(V (¢))t. We demon-
strate [s]R'(V (y)/>)[t]. Arguing by contradiction, suppose not [s]R'(V (¢)/<)[t].
Hence, there exist formulas ¢’, " such that (o))" € X, V(¢')/>x = V(p)/>< and
for all u,v € W, if s >t u and ¢ >t v then not uR(V (¢'))v. Thus, V(¢') = V(y).
Moreover, not sR(V (¢’))t. Consequently, not sR(V (p))t: a contradiction.

Claim 14. For all formulas ¢, ¢, if (p)1) € X then for all s,t € W, if [s]R'(V (p) /<)
[t] and t € V() then s € V ({p)¥).

Proof. Let @, 1) be formulas. Suppose (¢)1) € Y. We demonstrate for all s,¢t € W,
f [s]R'(V(p)/>)[t] and t € V(¢) then s € V({p)t)). Let s,t € W. Suppose
[s]R' (V(¢)/<)[t] and t € V (1)). We demonstrate s € V ({¢)1)). Since [s]R'(V (¢) /<)
[t], there exist u,v € W such that s > u, t > v and uR(V (p))v. Since t € V(¢),
v € V(9). Since uR(V (¢))v, u € V({p)1)). Since s > u, s € V({p))).

Lemma 21. Let X be a closed set of formulas and (W, R, V') be a model of indiscerni-
bility. There exists a model (W', R, V") of indiscernibility such that (W', R, V") is a
filtration of (W, R, V') with respect to X.

Proof. This proof ends after Claim 16. Let (W', R’ V") be a model of indiscernibility
such that

- W =W/,

- R': p(W') — (W’ x W')is such that forall A’ € o(W’) and forall s,t € W,
[s]R'(A")[t] if and only if for all formulas ¢, 1, if {(©)1p € X and V(p)/xx = A’
then s € V({(p)) if and only if t € V ({¢)¥),

— for all atomic formulas p, if p € X then V'(p) = V(p) /.

Claim 15. For all formulas ¢, 9, if (p)1) € X then for all s,t € W, if sR(V ())t then
[s]R'(V () /e [E].



Proof. Let ¢, be formulas. Suppose (@)1 € X. We demonstrate for all s,t € W, if
sR(V(p))t then [s]R'(V(p)/>)[t]. Let s,t € W. Suppose sR(V (¢))t. We demon-
strate [s]R/(V (¢)/m<)[t]. Arguing by contradiction, suppose not [s]R'(V () />)[t].
Hence, there exist formulas ¢, ¢’ such that (p')y)' € X, V(¢') /> = V() /r< and
either s € V((¢')¢') and t € V(")) or s € V({"Y)') and t € V ({')9)). With-
out loss of generality, suppose s € V({¢')¢') and t & V({(¢’)¢)'). Thus, there exists
u € W such that sR(V (¢’))u and uw € V(¢)'). Since V (¢') /x = V(@) /<, V(¢') =
V(). Since t & V({(¢")¢') and u € V(¢), not tR(V (¢))u. Since sR(V (¢))u, not
sR(V(¢'))t. Since V(') = V (), not sR(V () )t: a contradiction.

Claim 16. For all formulas , 9, if (¢)1) € X then for all s,¢t € W, if [s]R'(V () /)
[t] and t € V(¢) then s € V ({p)¥).

Proof. Let @, 1) be formulas. Suppose ()1 € X. We demonstrate for all s,¢t € W,
f [s)R'(V(p)/>)[t] and t € V() then s € V({(p)¢). Let s,t € W. Suppose
[s]R'(V(¢)/>)[t] and ¢ € V (¢p). We demonstrate s € V' ({p)1)). Since [s]R'(V () /)
[t], s € V({p)) if and only if t € V({p)t)). Since t € V(¢), t € V({¢)1). Since
s € V({(p)y)ifand only if t € V((p)), s € V({)¥).

Lemma 22. Let X be a closed set of formulas and (W, R, V') be a paraconjunctive
model. There exists a paraconjunctive model (W', R', V') such that (W', R', V') is a
filtration of (W, R, V') with respect to X.

Proof. Let (W', R', V") be a model such that

- W =W/,

- R p(W') — (W’ x W')is such that for all A’ € p(W’) and forall s,t € W,
[s]R'(A")[t] if and only if for all formulas ¢, 1), if (©)yp € X and V(p)/>x C A’
then there exist u, v € W such that s > u, t bt v and uR(V (¢))v,

— for all atomic formulas p, if p € X then V'(p) = V(p) /<.

Now, the rest of the proof is similar to the corresponding rest of the proof of Lemma 20,
the main difference being that one has to verify here that (W', R, V') is a paraconjunc-
tive model, an exercise that we leave for the reader.

Lemma 23. Ler X be a closed set of formulas and (W, R, V') be a paraconjunctive
model of indiscernibility. There exists a paraconjunctive model (W' R, V') of indis-
cernibility such that (W', R', V") is a filtration of (W, R, V') with respect to X..

Proof. Let (W', R', V") be a model of indiscernibility such that

- W =W/,

- R p(W') — (W’ x W')is such that for all A’ € p(W’) and forall s,t € W,
[s]R'(A")[t] if and only if for all formulas ¢, 1, if (©)yp € X and V(p)/>x C A’
then s € V({(p)v) if and only if ¢ € V ({p)1)),

— for all atomic formulas p, if p € X then V' (p) = V(p) /<.

Now, the rest of the proof is similar to the corresponding rest of the proof of Lemma 21,
the main difference being that one has to verify here that (W', R, V') is a paraconjunc-
tive model, an exercise that we leave for the reader.



Proposition 5 is a consequence of [3, Theorem 6.7] and Lemmas 5, 17, 18 and 20-23.

Proposition 5. The satisfiability problem is decidable on the following classes of fra-
mes:

the class of all frames,

the class of all frames of indiscernibility,

the class of all conjunctive frames,

the class of all conjunctive frames of indiscernibility.

Conjecture 1. We believe the satisfiability problem is PSPACE-complete on the
class of all frames and the class of all frames of indiscernibility. We believe as well
the satisfiability problem is EXPTIME-complete on the class of all conjunctive fra-
mes and the class of all conjunctive frames of indiscernibility.

8 Conclusion

What has been done in this paper? Firstly, we have introduced the syntax and the se-
mantics of a new family of modal logics: UPMLs (Sections 2 and 3). Secondly, we have
axiomatically introduced different UPMLs (Section 4). Thirdly, we have proved their
completeness with respect to appropriate classes of relational structures (Sections 5
and 6). In this respect, we have seen that the operation of intersection — which is used
in conjunctive frames for the interpretation of the modalities — being not modally de-
finable, our proofs of completeness are not so obvious when the considered UPMLs
are conjunctive. Fourthly, we have shown the decidability of some related satisfiability
problems (Section 7).

Much remains to be done. For instance,

— to import first-order ideas into conjunctive UPMLs (constructs of hybrid logics [2,
7], the difference operator [3, Section 7.1], etc),

— to develop the model theory of conjunctive UPMLs (classical definition of bisimu-
lations [3, Section 2.2], classical definition of saturated models [3, Section 2.6],
etc),

— to elaborate the correspondence theory of conjunctive UPMLs (analogue of Sahlq-
vist Correspondence Theorem [3, Section 3.6], analogues of Chagrova’s Theo-
rems [4, 6], etc),

— to investigate the computability of the satisfiability problem in such-and-such class
of conjunctive frames and develop automatic procedures for solving it (filtration
method [5, Chapter 5], tableaux-based approach [12], etc),

— to compare conjunctive UPMLs with other forms of modal logics based on para-
metrized connectives (knowledge representation logics [8, 14, 18], Boolean modal
logic [10, 11], etc),

— to construct the duality theory of conjunctive UPMLs (standard definition of Boo-
lean algebras with operators [13, Section 2.2], standard definition of general fra-
mes [13, Section 4.6], etc).



Other avenues of research might consist in considering that frames are couples of the
form (X, 7) where X is a nonempty set and 7 : p(X) — p(p(X)) is such that for
all A € p(X), 7(A) is a topology on X. In that case, a valuation on a frame (X, T)
willbeaV : £ — p(X) such that V({p)y)) = {s € X : YO € 7(V(p)) (s €
O = ONV(y) # 0)} among other conditions. Further investigations are needed for
obtaining the UPML that will completely axiomatize the validities thus defined.
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Appendix

This Appendix includes the proofs of some of our results. Most of these proofs are rel-
atively simple and we have included them here just for the sake of the completeness.

Proof of Lemma 4. Similar to the proof of Bounded Morphism Lemma [3, Proposi-
tion 2.14].

Proof of Lemma 5. Consequence of Lemma 4.

Proof of Lemma 6. Similar to the proof of Lindenbaum’s Lemma [5, Lemma 5.1].
Proof of Lemma 7. Similar to the proof of Existence Lemma [13, Proposition 2.8.4].
Proof of Lemma 8. Consequence of Lemma 6.

Proof of Lemma 10. Consequence of the fact that S5 contains all formulas of the
form [i0]y) — ¢ and (p)) — [](p)2).

Proof of Lemma 11. The proof that V, satisfies the conditions for 1, = and V is as
expected. We only show that V, satisfies the condition for (-). Let ¢, ¢ be a formulas.
Let s € W,. We only demonstrate s € V({¢)1) only if there exists t € W such that
sRqe(Vy(p))t and t € V(¢), the “if” direction being left as an exercise for the reader.
Suppose s € V,({(¢)1)). We demonstrate there exists t € Wy such that sR,(V,(p))t
and t € V,(¢). Since s € V,((p)¥), (p)yp € s. Let ty = [p]s U {t)}. Notice that
[p]s C tp and ¢ € to. By Lemma 7, to is a L-consistent set of formulas. Hence, by
Lemma 6, let ¢ be a maximal L-consistent set of formulas such that t; C ¢. Since
[pls C toand ¢ € to, [p]s C tand ¢ € t. Thus, t € V(¢).

Claim. sR,(Vy(p))t.

Proof. We demonstrate for all formulas ¢/, if ¢/ = Vy() then [¢']s C t. Let ¢ be
a formula. Suppose ¢’ = Vy(¢). We demonstrate [¢']s C ¢. Let ¢’ be a formula. Sup-
pose [¢'])’ € s. We demonstrate ¢’ € t. Since o = V4(g), by Lemma 8, ¢’ <+ ¢ € L.
Hence, [¢']¢)" <> [p]y’ € L. Since [ € s, [p]y) € s. Since [p]s C ¢, 9’ € t.

Proof of Lemma 12. Consequence of the fact that L contains all formulas of the form
[Lly = pand (L) — [L](L)¢.

Proof of Lemma 13. Let ¢, ¢ be formulas.

Suppose $ C 1. We demonstrate for all s € W, [L](p — 1) € s. Let s € W..
We demonstrate [ L](¢ — 1) € s. Arguing by contradiction, suppose [L](p — ¢) €& s.
Hence, (L)(¢ A =) € s. Let ug = [L]s U {¢, 7 }. Notice that [L]s C ug, ¢ € ug
and =) € up. By Lemma 7, ug is a L-consistent set of formulas. Thus, by Lemma 6,
let u be a maximal L-consistent set of formulas such that vy C w. Since [L]s C wo,



¢ € ug and ") € ug, [L]s C u, ¢ € uwand ) € u. Since [L]sy C s, by Lemma 12,
1]sg C w. Consequently, u € W... Since ¢ € uwand ) € u, u € p and ¥ ¢ u. Since
® C 9, u € 1. Hence, 1 € u: a contradiction.

Suppose © = (). We demonstrate for all s,t € W, [p]s C t. Let s,t € W.. We
demonstrate [p]s C t. Let x be a formula. Suppose [¢]x € s. We demonstrate x € t.
Since @ = (, by the previous item, [L](¢ — L) € s. Thus, [¢]x — [L]x € s. Since
[¢]x € s, [L]x € s. Since [L]sg C s, (L)[L]x € so. Consequently, [L]x € so. Since
[L]so Ct, x €.

Proof of Lemma 14. Indeed, R.(0) = W, x W,.. Why? Simply because by Lemma 13,
forall s,t € W, and for all formulas ¢, if g = () then [p]s C t. Hence, for all s,t € W,
sR.(0)t. Moreover, forall A, B € p(W,),if A C Bthen R.(A) O R.(B). Why? Sim-
ply because for all A, B € p(W,), if A C B then for all formulas ¢, if § C A then
» C B. Thus, forall A, B € p(W,),if A C B then for all t,u € Wy, if t R.(B)u then
tR.(A)u.

Proof of Lemma 15. Consequence of the fact that S5, contains all formulas of the
form [ip]¢) — 1) and (p)1 — [@]()¥).

Proof of Lemma 16. The proof that V, satisfies the conditions for L, — and V is as
expected. We only show that V. satisfies the condition for (-). Let ¢, % be formulas.
Let s € We. We only demonstrate s € V.({y)1)) only if there exists ¢ € W, such that
sR.(Ve(p))t and t € V,.(3), the “if” direction being left as an exercise for the reader.
Suppose s € V.({(¢)1). We demonstrate there exists ¢ € W, such that sR..(V.(¢))t and
t € V.(¢). Since s € V.({©))), ()1 € s. Let tg = [p]s U {1 }. Notice that [¢]s C g
and ¢ € ty. By Lemma 7, ¢ is a L-consistent set of formulas. Hence, by Lemma 6,
let ¢ be a maximal L-consistent set of formulas such that ¢ty C ¢. Since [p]s C to and
¥ € to, [p]s C tand ¢ € t. Thus, t € V,(¢).

Claim. sR.(V.(p))t.

Proof. We demonstrate for all formulas ¢/, if ¢/ C V.(¢) then [¢]s C t. Let ¢’ be
a formula. Suppose ¢’ C V(). We demonstrate [¢]s C t. Let ¢ be a formula.
Suppose [¢']Y € s. We demonstrate ¢/ € t. Since ¢ C Ve(p), by Lemma 13,
[L](¢" — ¢) € s. Hence, [¢']Y — [¢]Y € s. Since [¢']¢)" € s, [¢]Y’ € s. Since

[p]ls Ct, 94" et.

Proof of Lemma 19. Similar to the proof of Filtration Theorem [3, Theorem 2.39].
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Abstract. This paper explores a strict relation between two core no-
tions of the semantics of programs and of fuzzy logics: Kleene Algebras
and (pseudo) uninorms. It shows that every Kleene algebra induces a
pseudo uninorm, and that some pseudo uninorms induce Kleene alge-
bras. This connection establishes a new perspective on the theory of
Kleene algebras and provides a way to build (new) Kleene algebras. The
latter aspect is potentially useful as a source of formalism to capture and
model programs acting with fuzzy behaviours and domains.

1 Introduction

The adoption of algebraic structures and techniques to model and reason about
programs has a long tradition in Computer Science, and is the basis of some
of its main pillars, including Process Algebra and Abstract Data Types Spec-
ification. In particular, Algebras of Programs, coming from regular languages
and automata theory, have been widely considered as suitable frameworks to
support the rigorous semantics for analysis of algorithms and the design and de-
velopment of complex systems. On the basis of this field is the notion of Kleene
Algebra [14], today accepted as the standard abstraction of a computational
system. Among of its examples, an algebraic framework for coherent confluence
proofs, in rewriting theory, for an higher dimensional generalisation of modal
Kleene algebra proposes in [3] and the algebra of the regular languages, traces
of programs and the algebra of relations on which the program states transitions
are modelled as binary relations on the set of states. For instance, by starting
from the atomic programs represented in the transition systems of Fig. 1
we have the Kleene algebra of binary relations to interpret composed programs
build from these ones. For instance, the sequential composition of these struc-
tures, i.e. the program that interpret the program A.; A, that execute one step
in A, followed by another in A/, is just interpreted as the standard relational
composition, as represented in Fig 2. Moreover, operations of non determinis-
tic choice + and iteration closure %, the ones needed to encode any imperative
program, are also provided by the mentioned Kleene algebra.

If the mentioned above models plays a relevant role in the current formal de-
velopment and design processes, the emergence of new computational paradigms
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Fig. 2. Examples of abstract programs

and scenarios, as Fuzzy and Probabilistic programming, entails not only the defi-
nition of new Kleene algebra models, but also some variants and generalisations.
As examples of the latter efforts, we can point out our recent development on
the study of Kleene algebras to deal with “intervals as programs” [22], in order
to deal with situations where the precise values of the transitions weights are not
provided (e.g. entailed by the machine representation of an irrational number).

This paper develops a novel algebraic study on Kleene algebras, based on
pseudo uninorms defined over partial orders. As is well known, we can easily
obtain a Kleene algebra from any Boolean algebra, by taking the operation * as
the as the constant function zx = T, where T is the top element of the algebra.
Following this intuition, we abstract the infimum operation as pseudo uninorms
defined over partial orders, in order to build algebras for fuzzy programs. As
expected such new algebras generalises the classic case.

We investigate how fuzzy programs, i.e., elements of these structures, behaves
with respect to the Kleene operations. At this level, classic choice is maintained,
but the notions of sequential composition and Kleene closure are abstracted as
specific uninorms, defined over meet semilattices.

Building new Kleene algebras from other Kleene algebras can be also very
useful. The work of Conway plays a very relevant role. He introduces in [4]
some matricial constructions that preserve the Kleene algebra structure. In other
words, he introduces a method, with which, given a a Kleene algebra over a set
K, it construct a Kleene algebra over the squared matrices M,,(K'). For instance
the Kleene algebra of relations used bellow (cf. Fig 1), which elements are the
adjacency matrices, can be taken with this method from the Kleene algebra
defined by the two-elements boolean algebra (with 0 =1* =1).

In this work we introduce an operator to construct new Kleene algebras from
other Kleene algebras based in the notion of automorphism. These maps re-
interprets programs and the programs operations of a Kleene algebra into a new
Kleene algebra, by contributing with an alternative source of program algebras.



Context and Contributions.

In [18] Menger introduced triangular norms (t-norms) in order to provide triangle
inequality for distances on probabilistic metric spaces. Since Menger’s definition
is weak, Schweizer and Sklar [23] provided a new definition for t-norms adding
new axioms such as associativity and taking 1 as the neutral element. In [24],
they introduced the notion of t-conorm by simply taking 0 as the neutral element
instead of 1.

The axioms of T-norms (T-conorms) was, then, changed by abolishing some
of its conditions. Those weakening gave rise to the so called pseudo t-norm. In
[9] (see also [7]) Siegfried Gottwald considered the notion of pseudo t-norm by
abolishing the commutativity property. On the other hand, further authors such
as abolished other axioms — see [11, 15,29]. In particular, in [11] Sdndor Jenei
suppressed the commutativity property and the left side of the isotonicity prop-
erty; and in [15], in addition to these two properties, Hua-Wen Liu suppressed
the associativity. In [17], M. Mas, M. Monserrat and J. Torrens introduced the
notion of left uninorms and right uninorms. One year after W. Sander [21] intro-
duced the notion of pseudo uninorm as a bivariated function on the unit interval
that is associative, isotone and has a neutral element. This notion coincides with
the functions which are, both, left and right uninorms. In [28] the notion of left
uninorms, right uninorms and pseudo uninorms was extended for lattice-valued
sets. Two pseudo uninorms having the same neutral element is called of the
same type. In [27] the notion of pseudo uninorm was extended for complete
lattices and here we generalize them for posets. Recently, the papers [16, 25, 26)
consider lattice-valued and [0, 1]-valued pseudo uninorms.

In this paper, we investigate the notion of pseudo uninorms and show how
they can be used to build Kleene Algebras, which is a kind of algebra used to
model some computational systems.

Outline. This paper is organized in the following way: Section 2 introduces the
notions of pseudo uninorms and Kleene algebras. Section 3 provide some new re-
sults and construction on pseudo uninorms. Section 4 shows how Kleene algebras
are built from certain pseudo uninorms and that every Kleene algebra is related
to a pseudo uninorm. The section also studies automorphisms on this structures
and how they can generate new pseudo uninorm based Kleene algebras.

2 Preliminaries

Let (P,<) be a poset and e € P. Then, trivially, (P.,<.) and (P, <) are poset
with a greater and least, respectively, element when P, = {x € P : = < e},
P®={zxeP:e<a}and < and <° are the restriction of < to P. and P°,
respectively 3. Let Ap = {a€ P:foreachxe Pa<x or x<a}. (P,<) is a total
order set, whenever Ap = P. (P,<) is a meet (join) semilattice if every

3 The reader can also find in the literature | e and 1 e, respectively.



x,y € P have an infimum (supremum) in P, denoted by z Ay (zVvy). (P, <) is a
lattice if it is both: meet and join semilattice.

Closure operators play an important role in several fields of the mathematics;
e.g. in Algebra, Logic and Topology. In this paper a closure operator will be
required to develop this work:

Definition 1. Let (P,<) be a poset. A closure operator on P is a function
*: P — P such that for each x,y € P

(C1) if x <y then x* < y* — Isotonicity,
(C2) z<z* — inflation, and
(C3) (x*)* =x* — idempotency.

Definition 2. Let (P, <) be a poset. A function U : P x P - P is a pseudo
uninorm on P, whenever, for each w,x,y,z € P it satisfies:

1. U(z,U(y,2)) =UU(z,y),2z) — Associativity,
2. w<z and y < z then U(w,y) <U(x,z) — Isotonicity, and
3. there isee P s.t. U(x,e) =U(e,x) =x — has neutral element.

% is the set of all pseudo uninorms on P with neutral element e. If e is
the greater (least) element of P then U is called of pseudo t-norm (pseudo
t-conorm).

Commutative pseudo uninorms are called of uninorm on P in [12]. Uninorms
on poset [0,1] were introduced in [6], but the name uninorm only was coined in
[30].

Remark 1. If (P, <) is a meet-semilattice, then the infimum, i.e. A, is a pseudo
t-norm iff P has a top element. Analogously, if (P, <) is a join-semilattice then
the supremum, i.e. v, is a pseudo t-conorm iff P has a bottom element.

Remark 2. The set U} endowed with the following binary relation is a partial
order:
Ul e U2 iff Vm,y € Pa Ul(x,y) < U2(1'7y)

IfU e 4% then U(x,y) <z <eand U(x,y) <y whenever z,y € P., U(z,y) >z >e
and U(z,y) >y whenever x,y € P¢, and z < U(z,y) <y (and also x < U(y,x) < y)
whenever x € P, and y € P°.

Remark 8. Let (P, <) be a bounded poset and e € P. If U € 4% then U(T,T) >
U(T,e) = T and therefore U(T,T) = T. Analogously it is possible to prove that
U(L,1)=1.

We recall in the notion of Kleene algebra. This algebraic structure represents
the abstract notion of a computational systems where programs can be modelled.
Namely it is constituted by an universe of programs K that can be operated by
a (non deterministic) choice +, by a sequential composition ; and by an iterative
closure *. The algebra of regular languages, of binary relations and of program
traces are well known instantiations of such structure.



Definition 3. An algebra (K, +,-,%,0,1) of type (2,2,1,0,0) is a Kleene algebra
if for each a,b,c € K satisfy the following axioms:

(KA1) a+(b+c)=(a+b)+c;
(KA2) a+b=b+a;
(KA3) a+a=a;
(KA4) a+0=0+a=a;
(KA5) a-(b-c)=(a-b) ¢
(KA6) a-1=1-a=a;
(KA7) a-(b+c¢)=(a-b)+(a-c);
(KA8) (a+b)-c=(a-c)+(b-c);
(KA9) a-0=0-a=0;
(KA10) 1+ (a-a*)<a*;
(KA11) 1+ (a™-a)<a*;
(KA12) Ifa-b<b then a*-b<b; and
(KA13) Ifa-b<a thena-b* <a.

Where < is the natural partial order on K defined by
a<bif and only if a+b="b. (1)
Remark 4. In fact (K, <) is a join-semilattice with 0 as least element [14].
Lemma 1. [14] Let (K, +,-,%,0,1) be a Kleene algebra. Then
(KO1) If a<b then a* <b*.
(K02) 0" =1.

(KO3) 1+a-a* =a".
(KO4) (a*)" =a”.

3 Some new results and construction on pseudo uninorms

Proposition 1. Let (P,<) be a poset with a bottom element L. For each e € P,
if (P€,<°) is a join-semilattice, then (11%,<.) has a bottom element.

Proof. Let 1 be the least element of P. Then the function

L if z,y ¢ P°
xvy if z,ye P°¢
x if x ¢ P® and y € P
Y if € P¢and y ¢ P°

U (z,y) =

is the bottom element of (U%, <.).

Proposition 2. Let (P,<) be a poset with a greater element T. For each e € P
if (P.,<c) is a meet-semilattice then (U%, <) has a greater element.



Proof. The function

xAy ifz,yeP,
— T if x,y ¢ P.
Ue(w,y) = T ifr¢ P,and ye P,
Yy ifxeP,and y ¢ P,

is the greater element of (4%, <.) .

Proposition 3. Let (P,<) be a poset, e € P and U € US. Then the restriction,
Uyp,, is a pseudo t-norm on (Pe,<.) and U, pe is a pseudo t-conorm on (P¢,<¢).

Proof. Straightforward.

Corollary 1. Let (P,<) be a poset, e € P, U € U%. Then for each isotone bijec-
tion ¢ : P, - P, the function T : P x P - P defined by

T(z,y) = o(U(¢™ (), 07 (1))
is a pseudo t-norm on P.

Corollary 2. Let (P,<) be a poset, e € P, U € U%. Then for each isotone bijec-
tion ¢ : P® - P, the function S: P x P - P defined by

S(a,y) = (U™ (), 47 (1))
is a pseudo t-conorm on P.

Proposition 4. Let (P,<) be a poset, p the set of all pseudo uninorms on P
and “<7 the following binary relation:

Ul < U2 Zﬁ VI',y € P7 Ul(l‘vy) < UZ(xay)
Then

1. (Up,<) is a poset;

2. Let U1,Usy € Up be pseudo uninorms with neutral elements e; and ea, respec-
tively. If Uy < Uy then es < eq;

3. Let U1,Usy € Up be pseudo uninorms with neutral elements e1 and ea, respec-
tively. If neither e; < ea nor e < ey then neither Uy < Uy nor Uy < Uy

4. If (P,<) has a greater and a least element then (p,<) also have a greater
and a least element.

Corollary 3. Let (P,<) be a poset. Then,

1. If T is a pseudo t-norm on P then, T(x,y) <z and T(x,y) <y.
2. If S is a pseudo t-conorm on P then, x < S(z,y) and y < S(x,y).

It is obvious that uninorms, pseudo t-norms and pseudo t-conorms on a
bounded lattice are pseudo uninorms on the same lattice. But, there exist pseudo
uninorms which are neither uninorms, pseudo t-norms nor pseudo t-conorms.
The following proposition provides an infinite family of such pseudo uninorms.

The following results generalize the Proposition 2.1 and 2.2 of [5].



Proposition 5. Let (P, <) be a join-semilattice with top element and T : PxP —
P be a pseudo t-norm on P. Then for any e € P and isotone bijection ¢ : P, - P,
the mapping U, : P x P - P defined by:

o~ (T(d(x), 6(y))) if z,y€ P

Udey) =] VY iy P @)

T
Y

ife¢ P, andy € P,
ifveP, andy ¢ P,

s a pseudo uninorm on P with e as neutral element.
Proposition 6. Let (P, <) be a meet-semilattice with bottom element and S :
Px P — P be a pseudo t-conorm on P. Then for any e € P and isotone bijection

¥ : P°— P, the mapping U®: P x P — P defined by:

VTHS (W (), ¥(y))) if v,y € P

e _JzAry if x,y ¢ P
U(@.y) = x if x ¢ P° and y € P° (3)
Yy if v € P° and y ¢ P°

is a pseudo uninorm on P with e as neutral element.
Proof. Analogous to Proposition 5.

Proposition 7. Let (P, <) be a poset, e € P and Uy,Us € U5%. Then the mapping
Uy xUs: Px P — P defined by

Uiwy)  ifayep
_JUx(zveyve) ifx,ydPe
U1>4U2((L‘,y)— T me¢P€ andyGPe (4)
y ifxeP, andy ¢ P,

is a pseudo uninorm on P with e as neutral element.

Proposition 8. Let (P, <) be a poset, e € P and Uy,Us € U%. Then the mapping
Uy xUs: Px P — P defined by

Ui(zneyne) ifz,y¢ P°

_ UQ(xay) Z'f:L”yEPE
Uy x U2(xvy) Nz Zfl'¢Pe and y € P° (5)
Yy if x € P¢ and y ¢ P°

is a pseudo uninorm on P with e as neutral element.
Proof. Analogous.

As corollary we have the following generalization of the Theorem 1 in [8] (see
also Theorem 2.1 in [27]).



Proposition 9. Let (L,<) be a bounded lattice and T, S : Lx L - L be a pseudo
t-norm and a pseudo t-conorm on L, respectively. Then, for any e € L and isotone
bijections ¢ : L, - L and ¢ : L® - L, the mappings U1,Us : L x L - L defined
by:

¢~ (T(¢(x),¢(y))) if z,y¢€Le
DTS (W (), ¥(y))) if w,ye L

U1($,y): € ifm¢Le and y € L, (6)
Yy ifveLl. and y ¢ Le
(xAy)ve otherwise

o~ (T(d(x), 6(y))) if v,y €Le
VTS (2), ¥(y))) if v,y e L

Us(z,y) =4 x if x ¢ L and y € L® (7)
Yy if xe L and y ¢ L®
(xvy)ne otherwise

are pseudo uninorms on L with e as neutral element.

3.1 Annihilators of pseudo uninorms

In the literature, an element a of a set A is called an annihilator for a func-
tion F : Ax A - A, whenever “F(a,x) = F(z,a) = a for each x € A”. For
example, zero is an annihilator for the usual multiplication. It is not difficult
to see that an annihilator for F' is unique and also that bottom, 1, and top, T,
elements are annihilators for pseudo t-norm and pseudo t-conorm, respectively.

From this point on, the expression U(L,T) will be denoted by ay.

Theorem 1. Let (P,<,1,T) be a bounded poset and e € P. If U € U% has an
annihilator, then it is ay .

The next proposition is a generalization of the Lemma 1 in [8].
Proposition 10. Let (P, <, 1,T) be a bounded poset and e € P. If U € U%, then

1. Ulay,z) <ay <U(z,ay) for all x € P;
2. Uay,x) =ay for all x € P¢;
3. U(xz,ay) = ay for all x € P..

Corollary 4. Let (P,<,1,T) be a bounded poset and e € P. If U € % is com-
mutative then U has an annihilator element.

The next proposition is stronger, since the commutativity is relaxed whereas
the existence of an annihilator is maintained.

Proposition 11. Let (P,<,1,T) be a bounded poset and e € P. If U € % is such
that U(L,T) =U(T, L), then



— ay 1s annihilator;
—ay =1 oray =T or ay incomparable with e.

Proposition 12. Let (P,<,1,T) be a bounded poset and e € P. If U € % is such
that U(L,T) =U(T,1) = L, then L is the annihilator of U.

Proposition 13. Let (P, <, 1,T) be a bounded poset and e € P. If U € 3% is such
that U(L,T) =U(T,1) =T then T is an annihilator of U.

3.2 Idempotency

In the literature, an operation F': A x A - A is called idempotent whenever
for each x € A, F(z,z) = . In this section we will confront the notion of pseudo
uninorms with such property.

Proposition 14. Let (P,<) be a poset such that (P.,<.) is a meet-semilattice
and (P¢,<°) is a join-semilattice. U € 4%, is idempotent iff for each x,y € L,

TAY if v,y e P,
U(x,y)={xzVvy if x,1y € P¢
U(z,y) e[z ry,zVvy] otherwise

Corollary 5. (P,<) be a meet-semilattice with a top element, denoted by T.
Then U € U}, is idempotent iff U(x,y) =x Ay for each x,y € P.

Corollary 6. (P, <) be a join-semilattice with a bottom element, denoted by L.
Then U € Uy, is idempotent iff U(x,y) = x vy for each x,y € P.

3.3 Join morphism

In this section we show how pseudo uninorms behave with respect to distribu-
tivity over supremum or just a join morphism.

Proposition 15. Let (P,<) be a join-semilattice. If U € Up, then for each
x,y,z€P:

1. U(z,y v 2)
2. U(yvz,x)

U(z,y)vU(x,z), and

>
>U(y,x)vU(z,x).

Definition 4. Let (P, <) be a join-semilattice and U € Up be a pseudo uninorm.
U is a join morphism if for each x,y,z € P,

1. U(x,yvz)=U(x,y)vU(x,z2), and
2. U(yvzz)=U(y,z) vU(z,x).

Proposition 16. Let (P,<) be a join-semilattice and U € $p be a pseudo uni-
norm such that:

1. For each w,x,y,z € P, if y < z and U(x,y) <w < U(x,2), then there exists
u € P such that U(z,u) = w,



2. for each w,x,y,z € P, if y <z and U(y,z) < w < U(z,x), then there exists
we P such that U(u,z) =w, and
3. for each x,y,z€ P, if U(x,y) <U(x,z) or U(y,z) <U(z,x), then y < z.

Then U s join morphism.

Proposition 17. Let (P, <) be a totally ordered set. Each pseudo uninorm on
P is a join morphism.

4 Kleene algebras based on pseudo uninorms

In this section we show how Kleene algebras are built by using pseudo uninorms
under some conditions. In order to achieve that we propose the notion of Kleene
operator based on a pseudo uninorm:

Definition 5. Let (P,<) be a join-semilattice, e € P and U € U% a pseudo
uninorm. A Kleene operator based on U is a function » : P - P such that
for each x,y € P satisfy:

(K1) evU(z,z*) <z,

(K2) evU(z™,x) <z,

(K3) If U(z,y) <y then U(z*,y) <y, and
(K4) If U(y,x) <y then U(y,z*) <y.

Proposition 18. Let (P,<) be a join-semilattice, e € P and U € U% such that
either U is a join morphism or e € Ap. If U(x,x) < x for each x € P® then the
operator x* = x Ve is a Kleene operator for U.

Proof. Observe that U(z,z) < x for each x € P,. So, the condition “U(z,z) < x
for each x € P®” is equivalent to “U(z,z) < x Ve for each x € P”. Let « € P, then

(K1) Since z < z* and 2* € P® then evU(z,2*) <evU(z*,2*) <evz* = x*.

(K2) Analogous to (K1).

(K3) If U is a join morphism and U(z,y) <y then U(z*,y) =U(xve,y) =
U(xz,y)vU(e,y) =U(z,y) vy =y. On the other hand, if ¢ € Ap and
U(z,y) <y then when x < e we have that U(z*,y) = U(z ve,y) =
U(e,y) = y and when e < z we have that U(z*,y) = U(z v e,y) =
U(xz,y) <y. Therefore, in both cases, the operator * satisfy (K3).

(K4) Analogous to (K3).

Theorem 2. Let (P,<) be a join-semilattice, e € P and U € %, such that either
U is a join morphism or e € Ap. Then the operator x* = xve is a Kleene operator
for U iff for each x,y € P¢, U(xz,y)=xVy

Theorem 3. Let (P,<,1,T) be a bounded join-semilattice, e € Ap and U € U%
such that U(L,T) = U(T,L) = 1L and U(x,y) = x Vy for each x,y € P¢. Then
(P,v,U, *,1,e) where x* =x Ve, is a Kleene algebra.



Theorem 4. Let (P,<,1,T) be a bounded join-semilattice, e € P, U € {% be a
join morphism such that U(L,T) =U(T,1) =1 and U(z,z) < x for each x € P°.
Then (P,v,U, x, 1,e) where z* =z Ve, is a Kleene algebra.

Theorem 5. Let (K,+,U, +,0,¢e) be a Kleene algebra. Then

1. Uel$;

2. e<z”, for each x € K;

8. x*>e+ux, foreach v e K;

4. % is a closure operator on (K,<).

4.1 Automorphisms on [0,1] acting on Kleene algebras

In fuzzy logic, a typical way of generating newer fuzzy connectives (t-norms,
t-conorms and implications) from a fuzzy connective of the same type is ob-
tained via automorphisms on the real unit interval [0, 1], which are defined as
bijective functions on [0,1] preserving natural ordering. Formally, a function
¢ :[0,1] = [0,1] is an automorphism on [0,1] if it is bijective and isotone,
e,z <y = ¢(z) < ¢(y) [1,13]. In [2] is considered the equivalent definition
where automorphisms are continuous and strictly isotone function satisfying the
boundary conditions ¢(0) =0 and ¢(1) = 1.
Is clear that this notion can be generalize for arbitraries posets.

Definition 6. A function ¢ : P — P is an automorphism on a poset (P,<) if it
1s bijective and for each x,y € P we have that

o(z) < d(y) if and only if x < y. (8)
We will denote the set of all automorphism on (P, <) by Aut(P,<).

Remark 5. Let ¢, € Aut(P,<).

1. The inverse of an automorphism is also an automorphism. In fact, the inverse
of bijection also is a bijection and = < y iff p(¢71(z)) < d(o71(y)) iff o~ () <
¢~ (y).

2. The composition of two automorphism is also an automorphism. In fact, the
composition of bijective functions also is bijective and z <y iff ¥ (z) < ¥ (y)
iff ¢ o (z) < do(y).

3. The identity function Idp on P is an automorphism. In addition, ¢ o Idp =
¢=1Idpod.

Therefore, (Aut(P,<),0) is a group.

Let ¢ be an automorphism on P and f : P" — P. In algebra has been
extensively study the actions of groups in order to interpret the elements of the
group as ”acting” on some space, but preserving the structure of that space [10,
20]. Here we study the action of the group (Aut(P,<),0) on pseudo uninorms,



Kleene operators and Kleene algebras. In general, the action of ¢ on a function
f:P" - P, denoted by f?, is defined as follows

foar, o zn) =07 (f(0(21), -, d(@n)))- (9)

In particular, the action of automorphism preserve the usual fuzzy connectives
[1,2,19] and also pseudo uninorms on [0, 1] [5, Theorem 3.1]. Here we generalize
this last result by consider pseudo uninorms on an arbitrary poset (P, <).

Proposition 19. Let U be a pseudo uninorm and ¢ be an automorphism on a
poset (P,<). Then U? is also a pseudo uninorm. In addition,

1. if (P,<) is bounded (with 1 and T as least and great elements) then ¢(1) = L
and ¢(T) =T.

2. if (P,<) is a join (meet) semilattice then ¢(xz Vv y) = d(x) v d(y) (dp(xAy) =
() AP(y)), i.e. ¢ is a join (meet) morphism.

Proposition 20. Let (P, <) be a join-semilattice, e € P, U € S, and ¢ € Aut(P, <
). If x : P - P is a Kleene operator for U then ® : P - P, defined by z%® =
¢ (p(x)*) is a Kleene operator based on U?.

Proposition 21. Let (K, +,-,*,0,1) be a Kleene algebras and ¢ € Aut{K, <)
where < is the partial order defined in Equation 1. Then (K,+%,-®,&,0,1) also is
Kleene algebra. In addition, for each x,y € K we have that p(z+y) = d(x)+o(y),

o(x-y) = d(x) - d(y), $(0) =0 and ¢(1) = 1.

5 Final remarks

In this paper we have shown the relation between the notions of Kleene alge-
bras and pseudo uninorms. We have shown that every Kleene algebra induces a
pseudo uninorm and that some pseudo uninorms induce Kleene algebras. This
connection enables both: (1) another viewpoint on the theory of Kleene algebras
and (2) indicates a way to build Kleene algebras in the fuzzy setting — since we
provide the requirements to build Kleene algebras from pseudo uninorms.
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Appendix with proofs

Proof of Proposition 4

Proof. 1. Straightforward.

2. e9 = Ul(eg,el) < U2(€2,€1) =e.

3. If U; < U, then by previous item es < e;. Analogously, if Uy < Uy then by
previous item ey < es. Therefore, if e; and ey are not comparable, then also
are not comparable U; with Us.

4. Let 1 and T be the least and the greater element of P, respectively. Then,
let

xz ify=1 z ify=T7
Ur(z,y) =y fz=1 Ulz,y)=qy ifz=T

T otherwise 1 otherwise

It is easy to prove that U,,U; € Up. Let U € p with e € P as neutral element
and z,y € P. Thenifx = T then U, (T,y) =y =Ul(e,y) <U(T,y). Analogously,
for the case y = 7. Now, if z # T and y # T then U, (z,y) = L < U(z,y). So,
U, <U. Analogously, it is proven that U < U;.

Proof of Proposition 5

Proof. Let x,y,z€ P. If x,y,z € P., then
Ue(z,Ue(y, 2)) = ¢~ (T(d(2), T(d(y), #(2))))
= ¢ (T(T(6(2),6(y)): d(2)))
= Ue(UE(ajvy)?Z)'

In any other case, Ue(z,Ue(y,2)) = V{z,y,2} n P = Ue(Ue(,y), 2). There-
fore, U, is associative.

Letx € P.Ifx € P, then Uc(z,€) = ¢~ (T(d(x), ¢(e))) =z = ¢ (T (¢p(e),p(x))) =

Ue(e,x). If x ¢ P, then U.(z,e) = x = Uc(e,x). Therefore e is a neutral element
of U,.

Let x,y, z € P such that y < 2. If 2 ¢ P, we have the following cases:

1. y ¢ P.: then z ¢ P. and therefore, Uc(z,y) =z vy <avz=U.(z,z).
2. z € P.: then y € P, and therefore, U.(z,y) =z = Uc(x, 2).
3. ye P, and z ¢ P, and therefore, Ue(z,y) =x <z Vv 2z =Uc(z, 2).

If z € P, the we have three cases:

1. y ¢ P.: then z ¢ P, and therefore,

Ue(a:,y) =y<z= Ue(‘ra Z)
2. z € P,: then y € P, and therefore,

Ue(a,y) = ¢~ (T(6(2), 9(y))) < o™ (T(¢(2), (%)) = Ue(w, 2).
3. ye P, and z ¢ P, and therefore,

Ue(z,y) = ¢ (T(d(x),¢(y))) <y <2 = Ue(w, 2).

Therefore, U, is isotone in the second component. The prove that is isotone in
the first component is analogous.



Proof of Proposition 7

Proof. Let x,y,z € P such that y < z. If 2 ¢ P, then:

— Case z € P.: then y € P, and therefore Uy x Us(x,y) = x = Uy x Us(z, 2).

— Case y,z ¢ P.: then Uy x Us(x,y) = Us(x ve,yve) < Us(zvezve)
U1 NUQ(l‘,Z).

— Case y € P. and z ¢ P.: then, by Remark 2, Uy x Us(z,y) =z < x Ve
Us(zve,zve)=U; xUs(x,z).

If z € P, then:

— Case y,z € P.: Then we have that Uy x Us(z,y) = Ui(z,y) < Ui(x,2) =
U1 X UQ(I,Z).

— Case y € P, and z ¢ P.: Then, by Remark 2, we have that Uy x Us(x,y) =
Ui(z,y) <y <z=Up xUs(x,2).

— Case y ¢ P.: then 2z ¢ P. and therefore Uy x Us(z,y) =y < 2z = Uy x Us(x, 2).

IN

Therefore, Uy x Us is isotone in the second component. The prove that is isotone
in the first component is analogous.

Let x,y,z € P. Case x,y,z € P. or ,y, z ¢ P. we have that by associativity of
Uy and Us, Uy x U (2, Uy x Usa(y, 2)) = Uy x Uz (Uy xUa(x,y), z). The other cases:

1. Case z,y € P, and 2 ¢ P.: Uy x Us(x,Uy x Us(y,2)) = 2z = Uy x Us(Uy x
Us(x,y),2).

2. Case x € P, and y,z ¢ P.: Uy x Us(x,U; x Us(y,2))
Up @ Up(Uy x Up(2,y),2).

3. Case z,y ¢ P, and z € P,: Uy x Us(2,Uy x Us(y,2)) = Us(z veyve) =
Up @ Up(Uy x Up(2,y), 2).

4. Case x ¢ P, and y,z € P.: Uy x Us(x,Uy x Us(y,2)) = = Uy x Ua(Uy x
Us(z,y),2).

Therefore, Uy x Us is associative, and since e is clearly a neutral element then
Uy x Uy is a pseudo uninorm.

Us(yvezve) =

Proof of Proposition 9

Proof. By Propositions 5 and 6, we have that U, and U® are pseudo uninorm
with e as neutral element. So, by Proposition 7, U, x U® also is pseudo uninorm
with e as neutral element. Therefore, since

Ue(x7y) ifl’,yELe
. _JU(zveyve) ifa,y¢Le
Ue xU(x,y) =4 if o ¢ L, and y e L,

Yy ifreL.and y¢ L,
¢~ (T(d(x), 0(y))) if z,y¢€Le
VTHS(W(2),9(y))) if 2,y e L

=13 ifx¢ L. and ye L,
y ifrel.and y¢ L,
(xAy)ve otherwise

= Ul(z7y)



then U; is a pseudo uninorm with e as neutral element.

Analogouysly is possible to prove that Us = U, xU® and therefore, by Proposition
8, pseudo uninorm with e as neutral element.Us also is a pseudo uninorm with
e as neutral element.

Proof of Proposition 10

Proof. Let x € P, then U(ay,z) < U(ay,T) = U(U(L,T),T) = U(L,U(T,T)) =
U(L,T) = ay and U(z,ay) > U(L,U(L,T)) = U(U(L,1),T) = U(L,T) = ay.
Therefore, U(ay,x) < ay <U(z,ay) for all z € P.

If x > e then U(T,2) 2U(T,e) =T and so U(T,x) = T. Therefore, U(ay,x) =
UWU(L,T1),z) =U(L,U(T,2)) =U(L,T) =ay and U(zx,ay) = U(z,U(L,T)) =
UWU(x,1),T)2U(L,T) =ay.

If z <ethen U(x,1) <U(e,1) =1 and so U(z, 1) = 1. Therefore, U(z,ay) =
U(x,U(L,7)) =UU(z,1),T) = U(L,T) = ay and U(ay,x) = UU(L,T),x) =
U(L,U(T,x)) <U(L,T)=ay. Hence, U(z,ay) =ay > U(ay,x).

Proof of Proposition 11

Proof. Let x € P. Then, U(ay,x) > U(ay, L) =UU(L,T),1)=UU(T,1),1) =
U(T,U(1,1)) =U(T,1) and U(z,ap) <U(T,U(L,7)) =U(T,U(T,1)) =UU(T,T),1) =
U(T,1). Therefore, by Proposition 10, U(T,1) < U(ay,z) < ay < U(z,ay) <
U(T,1) =U(T,1) and, consequently, U(ay,z) = ay = U(x,ay). Hence, ay is an
annihilator of U.

If ay < e then ay = U(L,ay) < U(L,e) = 1 and so ay = L. If ay > e then
ay =U(T,ay) 2 U(T,e) =T and so ay = T. Therefore, ay = 1L or ay = T or ay
incomparable with e.

Proof of Proposition 12

Proof. Let z € P. Since U is isotone then U(1,2) < U(L,T) = 1 and U(x, L) <
U(T,1) = L. Therefore, U(xz,1) =U(L,z) = 1 for each x € P.

Proof of Proposition 13

Proof. Let x € P. Since U is isotone then U(z,T) > U(L,T) =T and U(T,z) >
U(T,1) = T. Therefore, U(x,T) =U(T,z) =T for each x € P.

Proof of Proposition 14

Proof. (=) If z,y € P, then, by one hand, U(z,y) < U(z,e) = x and U(z,y) <
U(e,y) =y and therefore, U(z,y) < x Ay. On the other hand, z Ay =U(x Ay, z A
y) <U(z,y). Therefore, U(z,y) =z Ay.

If x,y € P¢ then, by one hand, U(z,y) > x vy and by the other hand,
xvy=U(xvy,xvy)>U(x,y). Therefore, U(z,y) =2V y.

In other case:



— If x and y are comparable, then by a symmetric argument it is sufficient
to consider the case z € P, and y € P¢, and therefore z < y. Thereby, x =
Uw,2) < U(z,y) and U(z,y) = U(U(2,2),y) = Uz, U(e,y)) < Ula,e) =,
ie. U(z,y) =z Ay.

— If z and y are not comparable, then z € P, and y ¢ P. U P¢, or, € P¢ and
y ¢ P.u P°. In the first case, U(z,y) < U(e,y) =y <z vy and U(z,y) 2
U(x,yne) =z AyAre=xAy. Analogously, in the second case, U(x,y) >
Ule,y) =y >z Ay and U(z,y) <U(z,yve)=xzvyve=axVvy. So, in both
cases, U(z,y) € [x Ay,x vyl

(<) Straightforward.

Proof of Proposition 15

Proof. For each z,y, z € P we have that once U(z,y) <U(z,yvz) and U(z, z) <
U(xz,yV 2) then U(z,y) vU(x,z) < U(xz,yV z). The prove that U(y v z,z) >
U(y,x) vU(z,x) is analogous.

Proof of Proposition16
Proof. By Proposition 15,

U(x,y) vU(x,2) <U(x,yV 2) (10)

Since, U(z,y) < U(x,y)vU(x,2) and U(x, z) < U(x,y)vU(x, z) then by property
1., there exist u € P such that U(x,u) = U(x,y) v U(x,z) and therefore, by Eq.
(10), U(z,u) < U(x,y Vv 2). So, by property 3., u < y Vv z. Thus, because u > y
and u > z, we have that u = y v z and consequently U(z,u) = U(x,yV z). Hence,
U(z,y) vU(z,z) =U(x,u) =U(z,y Vv 2).

The prove that U(y Vv z,z) = U(y,x) v U(z,z) is analogous.

Proof of Proposition 17

Proof. Let z,y,z € P. Since, P is totally ordered, by a symmetric argument, it
is sufficient just consider that y < 2. So, U(x,y) <U(x,z) and U(y,z) <U(z,x).
Therefore, U(x,y) v U(x,2) = U(x,2) = U(z,y v 2) and U(y,z) vU(z,z) =
U(z,z)=U(yV z,x).

Proof of Theorem 3

Proof. The axioms (KA1) to (KA4) follows from definition of join-semilattice
and least element, the axioms (KA5) and (KA6) from definition of pseudo
uninorm, the axiom (KA9) from Proposition 12, and the axioms (KA10) to
(KA13) from Proposition 18. Let x,y,z € P. Then, since e € Ap, we have the
following cases:

1. Case x,y, 2z € P¢ then, from Theorem 2, we have that U(xz,yvz) =axv(yvz) =
(xvy)v(zvz)=U(z,y)vU(x,z).



2. Case y € P, and z € P then y < z and therefore U(z,y Vv z) = U(x,2) =
U(z,y)vU(x,z).

3. Case y € P° and z € P, then z < y and therefore U(z,y Vv z) = U(z,y) =
U(z,y) vU(z,z).

4. Case y,z € P, then U(z,yv z) < U(z,yve) =U(z,y) and U(z,y Vv z) <
U(xz,zve) = U(x, z) and therefore, U(x,yvz) < U(z,y)vU(z, z). So, because,
trivially U(x,y) vU(z,2) <U(z,yV z), then U(z,y) vU(x,2) =U(x,yV 2).

Therefore, the axiom (KAT) is satisfied for each z,y, z € P. The axiom (KAS8)
can be proved in analogous way.

Proof of Theorem 4

Proof. The axioms (KA1) to (KA4) follows from definition of join-semilattice
and least element, the axioms (KA5) and (KA6) from definition of pseudo
uninorm,the axioms (KA7) and (KA8) because U is a join morphism, the
axiom (KA9) from Proposition 12, and the axioms (KA10) to (KA13) from
Proposition 18.

Proof of Theorem 5

Proof. 1. By the axioms (KA5) and (KA6), U is associative and e is a neutral

element. Suppose that y < z then U(x,2) = U(z,y + 2) = U(z,y) + U(x, 2)

and therefore U(z,y) < U(x,z). Analogously is proved that if = < y, then

U(z,z) <Ul(y,z).

Let x € K. Then by (KO1) and (KO2), once 0 <z we have that e < x*.

3. If x £ e then by (KO3), U € % and by previous item, z* = e + U(x,z*) >
e+U(z,e)=e+uw.
Now, if 2 < e then U(z,e) <e. So, by (KA12), we have that 2* = U(z*,e) <
e. But, once by previous item e < x*, then x* = e. So, if z < e then * =¢e =
e+x.

4. (C1) follows from (KO1), (C3) follows from (KO4) and (C2) follows from
previous item. In fact, x <z +e < z”™.

o

Proof of Proposition 19

Proof. Associativity: Let x,y,z € P. Then, by equations (9) and (8), and the
associativity of U,
U(U?(z,y),2)
= ¢~ (U(¢(¢~ (U (¢(2),0(y)))): 6(2)))
= ¢ H(UU(6(2),(y)): d(2)))
= ¢~ (U (d(2), U(¢(y)), ¢(2)))
= ¢~ (U(6(2), o6 (U((y)), 6(2)))))
=U%(2,U%(y,2))
Isotonicity: Let x1,x2,y1,y2 € P such that x1 < x5 and 7 < y2. Then by equation
(9), Equation (8) and isotonicity of U,
U?(x1,1) = ¢~ (U((21), (1))
<o (U(¢(22), 6(y2)))
= U%(22,2)



Neutral element: Let « € P. Then by equation (9) and the existence of neutral
element for U (denoted by e), U%(x,¢7(e)) = ¢ 1(U(¢p(x),e)) = z. So,
#71(e) is the neutral element of U?.

Bound preserving: Since ¢ is bijective, there exists y € P such that ¢(y) = 1.
Thus, once 1 <y then by equation (8), ¢(1) < L. Analogously, we prove that
T<o(T).

Joint (meet) morphism: Since z < z vy and y < x vy then ¢(z) < ¢(x Vv y)
and ¢(y) < ¢(x v y). So, ¢(z) v ¢(y) < ¢(z vy). On the other hand, since
¢ is bijective, there exists z € P such that ¢(z) = ¢(x) v ¢(y). Therefore,
d(2) 2 ¢(z) and ¢(z) > ¢(y). Hence, by Equation (8), z > x and z > y, i.e.
z>xz vy, and z < xvy. Consequently, ¢(z) Vv ¢(y) = ¢(xvy). The proof that
¢ is a meet morphism (when (P, <) is a meet-semilattice) is analagous.

Proof of Proposition 20
" ¢! (e)
Proof. By Proposition 19, U? € Uy .

(K1) Since, » is Klene opertaor for U and ¢! is an automorphism and
therefore is a join morphism and isotone, ¢~ (e)vU®(z,2®) = ¢71(e)v
o (U(6(x), 6(x)")) =
6 (e v U(6(x), 6(2)")) < 6 (6(2)") = 2.

(K2) Analogous to (K1).

(K3) If U?(z,y) <y then U(g(z),d(y)) < ¢(y). So, because * is a Kleene
operator based on U, U(¢(2)*,¢(y)) < ¢(y). Therefore, because ¢~ €
Aut(P, <), we have that U?(2®,y) <y.

(K4) Analogous to (K3).

Proof of Proposition 21

Proof.  (KA1) a+?(b+?¢c) = ¢! (¢(a) +(¢(b) +¢(c))) = ¢~ ((¢(a) + (b)) +
#(c)) = (a+2b) +* c.
(KA2) a+% b= (d(a) + 6(5)) = 6™ (8(b) + 6(a)) = b +% a.
(KA3) 0+ a =6 (6(a) + 6(a)) = 6 (6(a)) = .
(KA4) a+?0=9¢""(6(a) +0) = ¢ (¢(a)) = a.
(KAS5) Analogous to (KA1).
(KA6) Analogous to (KA4).
(KAT) a-? (b+7c) = ¢7'(9(a) - (8(b) + 6(c))) = ¢~ ((¢(a) - (b)) + (¢(a) -
6(0))) = (a2 b) +% (a ).
(KA8) Analogous to previous item.
(KA9) Analogous to (KA4).
(KA10) 1+7 (a-%a®) = ¢ (1+(6(a) - 6(a)")) < 6 (6(a)") = a®
(KA11) Analogous to previous item.
(KA12) If a-?b < b then ¢ (é(a)-¢(b)) < b and so ¢(a)-p(b) < ¢(b). Hence,
#(a)* - p(b) < ¢(b) and therefore a® - b < b.



(KA13) Analogous to previous item.

In addition, since for each x,y € K, we have that x <z +y and y < z+y then
(*) xvy < z+y, where z vy is the supremum of z and y w.r.t. <. By [14] we have
that if @ < b then a+c¢ < b+¢, and therefore, since x < x vy then z+y < (xvy) +y.
But, because y < z vy by Equation (1) (zvy)+y = 2 vy and therefore (**)
x+y < xvy. Hence, from (*) and (**), x+y = x vy for each z,y € K. Analogously
we can prove that x -y = x Ay for each z,y € K. Consequently, because ¢ is an
automorphism ¢(0) = 0, ¢(1) = 1, and it is a join and meet morphism and so

P(z+y) = p(x) + d(y) and ¢(x - y) = ¢(x) - P(y).
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1 Introduction

Dynamic epistemic logic [6, 12, 15] is a common way of describing agents’ knowledge
and informational changes. But nowadays, our intuition about the nature of agents’ rea-
soning and interaction tells us that both processes of operating with available knowledge
and obtaining a new one cannot always be effortless. This natural intuition demonstrates
that reasoning often becomes a resource consuming action. A lot of researchers of epis-
temic logic paid attention to this problem and found different approaches to formalising
the idea of resource-bounded agents [10]. The wide range of existing approaches, de-
scribing non-omniscient agents, consider resources as various cognitive limits.
Non-omniscience can be described through time- and memory-constrained agents
who do not necessarily know all the logical consequences of their knowledge. Some pa-
pers model such constraints through so-called inferential actions, which require agents
to take explicit inference steps, spending available resources to deduce the logical con-
sequences of their knowledge [17]. Other papers extend the idea of a bounded deliber-
ation process with resource consuming inference actions by introducing perception [4]
or rule-based models [14] and their effects on formation of agents’ beliefs. The idea of
resource-bounded agents, situated in agent—environment systems that takes into account
agents’ observations, beliefs, goals and actions, sounds promising both for philosophers
and computer scientists [2]. Most contemporary papers on resource-bounded reason-
ing would agree that modelling of non-omniscient agents does not mean modelling of
imperfect reasoners. On the contrary, a lot of papers argue that epistemic logic must
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formalise the idea that if the agent knows all necessary premises and either thinks hard
enough [8] or has enough time [3, 1], then they will know the conclusion. Thus, the
reasoning process itself can justifiably be considered as an ongoing time-consuming
[13], as well as a memory-consuming [9] process. This intuition bridges the gap be-
tween reasoning and computation process and sounds fruitful for Al research. While
this is a reasonable assumption which is worth studying, both time- and memory-based
approaches deal with ’inner’ obstacles of an agent’s deliberation process. Thus, even
existing papers studying resource constraints in agent-environment settings consider
resources as a tool of reasoning or obtaining new information from already available
agent’s knowledge. At the same time, a lot of real-life scenarios demonstrate that re-
sources can also be considered as an instrument of obtaining new, independent or al-
ready available, information from the outside. In other words, solving some tasks can
require getting additional information, which is not necessarily costless. Our main goal
in this paper is to consider logically omniscient reasoners who can interact with the en-
vironment (in the sense of an independent bystander) and obtain new information from
this environment by spending a certain amount of resources.

A similar attempt was made by Naumov and Tao [16]. Their paper describes budget-
constrained agents in epistemic settings. It catches the intuition that sometimes agents
have to spend their resources to obtain the knowledge of some fact. But since their
logic is static and describes resource constraints as a feature of the knowledge of the
operator itself, this approach violates the Negative Introspection axiom, so it requires to
be considered like a S4-like system. Nevertheless, this S4-like epistemic logic appears
to be complete, with respect to S5-like structures. Our paper aims to demonstrate that
reasoning about knowledge and informational change under budget constraints can be
described by an S5-like system if we consider this informational change explicitly in
DEL-style language.

We assume that agents can purchase information, spending some resources avail-
able to them. Intuitively, agents can ask a question” is A true?”” and get a positive or
negative answer. Sometimes, this question can require some resources (e.g. money).
The first example that comes to mind these days obviously involves COVID-19. We
can easily imagine that Agent A can be COVID-positive without knowing about it. It
is also clear that Agent A can get this information by medical testing, which usually
requires some amount of money, say $20. In this situation, Agent A can buy an answer
to the question *Am I infected?” if her budget exceeds $20. To introduce the multi-agent
dimension in this example, let’s assume that Agent A is a professor at some university,
U. Nowadays it is common practice that professors are asked to work remotely. Imag-
ine that our university, U can relax these restrictions and allow working on campus
for those professors (agents) who can provide a negative COVID-test. It is also easy to
imagine that a university can have a list of all professors who took a test (for example,
this university can be in cooperation with some medical organisation). But the results of
these tests are available to professors only, due to the medical privacy. Thus, if Agent A
decides to take a test, she definitely obtains the result. At the same time U (1) does not
know if A is infected, but it also knows that (2) * A knows she is infected or A knows
she is not infected’. But since this action requires $20, U also knows that (3) A had at
least $20 before testing, and if U knows that A had n; or ny (where ny,no > 20), then
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(4) U knows that A has $(n1 — 20) or $(n2 — 20) now. We hope that this example is
clear and represents useful intuitions about resource-consuming informational updates
in a multi-agent setting. Thus, we intend to model situations in which agents can spend
resources in order to obtain an answer to some question. In our framework, the very fact
of the question is public. i.e. every agent knows that question is asked. But the answer
is private, so only one agent knows it. We also assume that resources can be understood
in some abstract way, similar to the idea of utility in economics. Thus, we can consider
money, effort or any other kind of agent’s utility as resources in our models. We build
our logic upon the standard S5 epistemic logic [12], enriched with linear inequalities
described in [11] to deal with costs of the formulas and agents’ budget. Then, we ex-
tend this logic with dynamic operator [?; A] combining ideas of public announcement
logic [6], contingency logic with arbitrary announcement [5] and some intuitions about
semi-private announcements. Section 2 of this paper deals with static epistemic logic
for reasoning about costs of formulas and agent’s budget. We demonstrate that this logic
is sound and complete. Section 3 provides a dynamic extension of static fragment which
allows us to reason about informational change for budget-constrained agents. We also
state a soundness and completeness result for dynamic fragment via standard reduction
argument and prove that both EL,. and DELy, are decidable.

2 Epistemic Logic for Budget-Constrained Agents

Here we present the syntax and semantics of the epistemic logic for budget-constrained
agents ELp.. In Section 3 we extend it with the dynamic operators for model updates.

2.1 Syntax

Let Prop = {p,q, ...} be a countable set of propositional letters. Denote by Lp, the
set of all propositional (non-modal) formulas defined by the following grammar (where
p ranges over Prop, other connectives are defined standardly):

AB ==p| -A | (AAB).

Definition 1 (The language EL.). Let Agt = {i, 7, ...} be a finite set of agents. We
fix a set of constants Const = {c4 | A € Lpr} U {b; | i € Agt}. It contains a constant
c4 for the cost of each propositional formula A and a constant b; for the budget of each
agent i. Formulas of the language EL, are defined by the following grammar:

0, = pl(aati+ ...+ ztn) > 2 [ 2o | (9 AY) | Kig,

where p ranges over Prop, ¢ € Agt, t1,...,t, € Constand z1,...,2,,2 € Z.

Other Boolean connectives —, V, <+, L and T are defined in the standard way. The
dual operator for K is defined as K; p = ~K;—p. We will also use K, :  as an abbre-
viation for (K;¢ V K;—p). Note that we introduce the cost ¢4 only for propositional
formulas A € Lpr,. The logic with costs of arbitrary epistemic formulas is left for fu-
ture research. We deal with linear inequalities and use the same abbreviations as in [11].
Thus, we write t; — to > z forty + (—1)tg > 2,t; > to fort; —te > 0, t; < z for
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—t1 > —2z,t1 < zfor —(t; > z),and t; = z for (t; > z) A (t; < z). Thus, the lan-
guage ELp. allows us to express statements such as: “c,ng > 77, “b; > 57, “2b; = b;”,
“Ke(bi +b; > cpyg)” ete.

The set of subformulas Sub(p) of a formula ¢ is defined in the standard way; note
that if a constant ¢ 4 occurs in ¢ then we do not count A as a subformula of .

2.2 Semantics

A model M of the logic ELy. has the components standard for the multi-modal logic
S5, namely, a non-empty set of states I/, an epistemic accessibility relation ~; for
each agent i € Agt, and a valuation V': Prop — 2. Besides, a model M contains
a function Cost that assigns to every propositional formula at each state its cost, and
a function Bdg that assigns to each agent ¢ € Agt at each state w € W the available
amount of resources.

Definition 2 (Kripke-style semantics).
A model is a tuple M = (W, (~;)icagt, Cost, Bdg, V'), where

— W is a non-empty set of states,

- ~; € (W x W) is an equivalence relation for each i € Agt,

Cost: W x Lp;, — R is the (non-negative) cost of propositional formulas,
Bdg: Agt x W — R™ is the (non-negative) bugdet of each agent at each state,
— V: Prop — 2W is a valuation of propositional variables.

Thus both the cost of a formula and the budget of an agent depend on a current
state. We use Bdg;(w) as an abbreviation for Bdg(i, w), where i € Agt and w € W. In
order to formulate additional constraints on the function Cost, we need the following
notation. Let PL be the classical propositional logic. For any propositional formulas A
and B:

— A and B are called equivalent: A = B iff Fp, A < B,
— A and B are called similar: A~ B iff A= Bor A=-B.

We also impose the following conditions on the function Cost:

(C1) Cost(w, L) = Cost(w, T) =0,
(C2) A~ Bimplies Cost(w, A) = Cost(w, B), forall A,B € Lpy andallw € W.

Definition 3. The fruth = of a formula A at a state w € W of a model M is defined by
induction:

M, wEpiffw € V(p),

M, w E —piff M,w ¥ ¢,

M,wE o A iff M, wE ¢ and M, w E v,

M,wE K;p iff Vw' € W:w ~; w' = M,w' E o,

MowE (z1t1 + -+ + zpty) > z iff (z18) + -+ + 2,1)) > 2z, where for 1 < k < n,

o Cost(w, A), forty = ca,
" | Bdg;(w),  forty = b;.

We refer to the class of all models satisfying all properties mentioned above as 1.
We write Foy ¢ if the formula ¢ is valid in the class of models 9.
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2.3 Soundness and Completeness
The axiomatisation of the logic ELy. is presented in Table 1. Here, (Ineq) is the set of

axioms for linear inequalities firstly described in [11] and used later for similar purposes
in [17].

Table 1. Proof system for ELp.

Axioms:

(Taut) All instances of propositional tautologies

(Ineq) All instances of the axioms for linear inequalities

XK)  Ki(p =) = (Kip — Kit)

(M Kip—ep

(4) Kl‘(p — KiKin

5  —Kip = KinKip

Bd) b >0

1) ca>0

(Z2) ¢t =0

(>3) ca =cpif A= B, forall formulas A, B € Lpy,
Inference rules:

(MP) From ¢ and ¢ — 1, infer 1

(Nec;) From ¢ infer K;p

Axioms (Ineq) allow us to prove all valid formulas about linear inequalities. These
axioms are presented in Table 2.

Table 2. Axioms for reasoning about linear inequalities

(I1) (art1 + - - -+ awti > ¢) « (art1 + - -+ aptp + 0tp11) > )
12) (a1t1 + -+ agty > C) — (ajltjl + -4 ajktjk > C),

where ji,...,jk is a permutationof 1,...,k
13) (arts + -+ + awtr > ¢) A (aits + -+ apty > &) —

= (a1 +a)ti + - + (ar + aj)te > (c+ )
(I4) (a1t1 + -+ - + artr > ¢) <> (daits + - - - + dagty > dc) ford > 0
@) (t>c)Vv(t<e)
(I6) (t > ¢) = (t > d), where ¢ > d

Theorem 1 (Soundness). EL, is sound w.r.t. I, i.e., FeL,, ¢ = Foa @

Proof. Straightforward.
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For the completeness proof, fix an ELy.-consistent formula . We start with the set
I' = Sub(¢) of all subformulas of ¢. Next, let I'" D I" be the smallest set of formulas
such that

1. I'" is closed under single negation: if ¢ € I'" and + does not start with —, then
- eI,

(b; > 0) € I't, for each agent i € Agt that occurs in I (in b; or K;),

(ca > 0) € I'", for each constant c4 that occurs in I,

(CT = O) S F+,

ca = cg € I'" for all constants ¢4 and cp occurring in I” such that A ~ B.

A

First, we build a finite canonical pre-model M°® = (W, (~¢);caqt, V) by the
construction similar to that used for the multi-agent logic S5:

— W€ is the set of all maximal ELp.-consistent subsets of I'T;
- & ~¢ y iff, for all formulas ¢ € ', we have K;¢ € x iff K;9 € y;
- w € V¢(p) iff p € w, for each propositional variable p € I".

So far, M€ is a Kripke model, without the Cost® and Bdg® functions. Thus it re-
mains to prove that both functions Cost® and Bdg® can be defined.

Since every state w € W€ is ELy.-consistent, the set of all linear inequalities
contained in w is satisfiable, i.e., has at least one solution. Then we can easily con-
struct functions Cost®(A, w) and Bdg;(w) that agree with this solution: for formulas
A € Lpy, such that ¢4 occurs in I't, we put Cost®(A4,w) to be the real that corre-
sponds to ¢4 in that solution; for other formulas B € Lpy, if B = A for some formula
A such that ¢4 is in I, then we put Cost®(B, w) := Cost®(A, w). Thus we can enforce
that for all w € W€ and all A € Lp, such that ¢4 occurs in I'T it holds that
(1) Cost(A,w) > 0 for all formulas A € Lpy, such that c4 occurs in I't, by the
construction of I'* and (>1) axiom,

(2) Cost®(T,w) = 0, by the construction of I"™ and (>3) axiom,
(3) Cost®(A, w) = Cost®(B,w) forall A, B € Lpy, such that A ~ B, by (>3) axiom.

Similarly, we construct Bdg® function such that for each w € W€ and each i €
Agt, Bdg? (w) agrees with existing solution of linear inequalities, contained in w. This
construction is well-defined and for any w € W€ and any ¢ € Agt, it holds that
(1) Bdg{(w) > 0 by axiom (Bd) and the construction of I' ™,

(2) Bdg; (w) > Cost™(A) iff (b; > ca) € w, forall b;,c4 in I

Thus, we obtained a finite canonical model M® = (W, (~¢);cagt, Cost®, Bdg®, V¢).
As we have already demonstrated, this model satisfies the properties (C1) and (C2). It
is also clear that for all i € Agt, ~¢ is an equivalence relation on W¢.

Lemma 1 (Truth Lemma). For any ) € I'", we have: M, wkE ) <= ¢ € w.

Proof. Induction on 1. Cases for p € Prop and Boolean connectives: trivial.

Case K;9:
M wE Ky iff V' : w ~F w' = M€ w' E 4 by Definition 3. Vo' : w ~F w' =
Me w' E o iff Vo' : w ~F w' = 1 € w' by previous induction step. Yw' : w ~7F
w' = 1 € w'iff K;39 € w by the construction of ~7.
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Case (z1t1 + -+ + zpty) > 2t
M wE (21t + - 4 zptyn) > 2 iff (z1t] + -+ + 2,t)) > 2z, where t], ..., ¢, are
represented by Cost™(A) and Bdg] (w) for the corresponding constants ¢4 and b; that
occur in (2161 + -+ - + zpt,) > 2. By the construction of Cost™ and Bdg”™, it also holds
that (z18] + -+ - + 2zpt)) > 2 iff (2181 + - - + 2ptn) > 2 € w.

Theorem 2 (Completeness). ELy. is complete w.r.t. I, i.e., Fon @ iff L, @

Proof. The right-to-left direction follows from Theorem 1. For the left-to-right direc-
tion, consider a formula ¢ such that g, . Construct a model M¢ for —¢. From
Lemma 1 it is clear that 3w € W* such that M, w E —¢. Then M, w ¥ ¢. It is also
clear that M€ € 901, by the construction of M€, so Fgn .

Here we should also mention that in EL,. we intentionally impose as less semantic
restrictions as possible to deal with the most general case. In particular, we assume that
it is possible that an agent does not know her own budget. But this restriction can be
imposed by adding the following axiom to ELp.:

Let MXP be a subclass of 91 such that for any w1, wy € W : wy ~; wy = Bdg;(wy) =
Bdg;(ws). Then it is straightworfard to prove the following result.

Theorem 3 (Completeness). The logic EL,. + Kb is complete with respect to MK,
ie., bm]{b Y & FELbc"'Kb ®-.

Theorem 4 (Decidability). The satisfiability problem for ELy. is decidable.

Proof. In this proof we follow the technique similar to those from [7]. From the proof
of Theorem 2 it follows that a formula ¢ is satisfiable iff it is satisfiable in a model
M € 90 with at most 217! states. However, since these models include Cost and Bdg
functions there are infinitely many of them. In order to restrict the set of structures to
check to be finite, we will consider pseudo-models which do not have Cost and Bdg, but
it is easy to check whether a corresponding functions exist. We call pseudo-models for
which both Cost and Bdg exist solvable. The existence of one of such solvable pseudo-
models satisfying ¢ will guarantee the existence of a proper model (for which Cost and
Bdg are defined) that satisfies .

Consider a set I'" defined in the proof of Theorem 2 and let a set Sum(y) be a set

n
of all elements of It of the form > zpty, > z. Forevery | < 21T we consider a
k=1
pseudo-model M = (W,~3, 5, V), where W,~; and V are defined in a standard way
and S is defined as follows:
S W x Sum(p) — {true, false}.

Note that there are only finitely many pseudo-models for each {. They are not mod-
els of our logic, but we can check if an element of I'" holds in some states of this
pseudo-model using the F’ relation which is defined in a trivial way, except the case for
Z 2kt > 2:

k=1
n

MoawE Y 2ty > ziff S(w, Y 2ty > 2) = true.
k=1 k=1
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We will consider only those pseudo-models M such that M,w E’' ¢ for some
w € W. For each such M we want to check whether M can be extended to a structure
M € O of our logic. In other words, we want to check if S can be replaced by a
tuple (Cost, Bdg) that agrees with S and for every w € W and every ¢ € Sum(p) we
have M, w FE 1 iff S(w,v) = true. It is straightforward to check that for such M it
holds that M, w F x iff M, w F’ x for every x € I'"(¢). For this purpose we consider
special system of linear inequalities to define Cost(A, w) and Bdg, (w) for each i € Agt
and each w € W. We use the variables of the form ¢, ,, and b; ,, which represent the
values of Cost(x,w) and Bdg;(w) respectively. Now we are ready to define a system
of linear inequalities:
(1) ¢y > 0foreach x € Lp, NI andw € W,
(2) b > 0foreachi € Agt andeachw € W,
(3) c1,w = 0foreachw € W,
(4) ¢y = Cyr o for each w € W, where x, x’ € Lpr, N I'F such that x ~ x/,

(5) >° zktr > z, where each occurrence of c4 and b; are replaced with c4 ., and b; 4,
k=
! n . n
for every formula »_ 2ty > z such that S(w, > zpty > z) = true,

k=1 k=1
n

(6) > zty < z, where each occurrence of ¢4 and b; are replaced with c4 ,, and b; 4,
k=1

n o n
for every formula > 2ty > z such that S(w, Y zxtr > z) = false.
k=1 k=1
For our purposes it is sufficient to find at least one solution of such system of equa-

tions and inequalities. Note that this system is finite and the problem of solving systems
of inequalities is decidable. So, given a pseudo-model we can check if this pseudo-
model is solvable (by solving a corresponding system of inequalities). It is straightfor-
ward to see that if there is a solvable pseudo-model for ¢, then ¢ is satisfiable.

The proof for other direction is trivial, since the canonical model for ¢ gives rise
to a solvable pseudo-model with 2! I states. Then if ( is satisfiable, then there is a
solvable pseudo-model for ¢ with I < 27| states.

We have shown that ¢ is satisfiable iff there is a solvable pseudo-model for ¢ with
1<2l | states. So, we can check satisfiablity of ¢ examining finitely many choices of
[ for which there are only finitely many pseudo-models and each pseudo-model can be
verified to be solvable in a finite number of steps.

3 Dynamic Epistemic Logic for Budget-Constrained Agents

The dynamic language DEL extends the static language EL,,. with a dynamic operator
[?;A]p. A formula [?; A] can be read as " is true after i’s question whether A is true".

3.1 Syntax

Definition 4. The formulas of DELy. are defined by the following grammar:

e u=pl(ati+ -+ zntn) 2 2) | 2@ [ (0 AY) | Kip | [7:A]g,
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where p € Prop, A € Lpr,i € Agt, t1,...,t, € Constand zy,...,2,,2 € Z.

The dual operator (7; A)p can be defined in a standard way: (?; A)p = —[?; A] .

3.2 Semantics

The main features of the operator [?; A]y are: (1) every agent knows that the question
was asked, i.e., the very fact of the question is public, (2) only the agent 7 knows the
answer, i.e., the answer is private, (3) the question requires the agent ¢ to spend some
amount of resources. All of these features will be described formally in this section.

We extend the truth relation F introduced in Definition 3 to the dynamic operator
[?; Al as follows.

Definition 5. Given a model M = (W, (~;);cagt, Cost, Bdg, V') and a state w € W,
MwE [ Alp  iff  M,wE (b; > ca) implies M4 w E .

Here M4 is a model obtained from M by the update that corresponds to the
following action: “the agent i asked whether the propositional formula A is true and
spent for this the amount of resources Cost(A)”; the updated model is described in the
next definition. We will use notation: [A]pq := {w € W | M, w E A}.

Definition 6. Given a model M = (W, (~;)ieagt, Cost, Bdg, V'), an updated model is

atuple M7iA = (W74, (wgiA)jeAgt, Cost’4 Bdg"#, V7i4), where

“ WA= {weW | Mwb; >cal,
= (WA WA

j’
whete % = {~j N((Ala x (AL U Al x AL ) if5 =1,
— Cost"(B) = Cost(B), for all propositional formulas B,

~j otherwise,
- Bdg" A (w) = Bdg;(w) — Cost(A,w), ifj= z:,
! Bdg; (w), otherwise,

- V%A(p) = V(p) N WA,

Intuitively, the update [?; A]p of model M firstly removes all states of M in which
agent ¢ does not have a sufficient amount of resources to ask about A. This can be
justified by the fact that other agents do not necessarily know ¢’s budget, but when they
observe the fact that ¢ actually asks about the truth of A, it no longer makes sense to
consider the states with (b; < c4) as possible ones. Secondly, when ¢ asks “is A true?”,
she gets either “Yes” or “No” and we consider this fact to be known by all agents. Then,
after this update, the agent ¢ necessarily distinguishes any two states of M that do not
agree on the valuation of A. But since the actual answer is available only to the agent 4,
the epistemic relations of other agents remain the same, only taking into account that
some states have been removed. This update does not affect the costs of formulas and
budgets of all agents except ¢. Budget of i decreases by the cost of A after [?; A]. As
one can see, all of these assumptions sound quite natural.
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Consider an example with two agents ¢ and j. Let p; stand for ’¢ is COVID-positive’
and p; stands for ’ j is COVID-positive’. Assume that the cost of the test is 20 resources
in all possible worlds (M F ¢,, = 20 A ¢;,; = 20). If we also assume that 4 decides to
make the test ([?;p;]), then the semantics of DELy, describes this situation as presented
in Figure 1.

10,10

[?:ip4]
—

2% i, J
. Z’J
w2 waq w2

Fig. 1. Initial model M and updated model M 7¢Pi

Note that an agent does not necessarily knows even her own budget. The following
formulas hold in wy:

- M,wi F ~K;p;

- M"Piwy E Kip;

- MUPiwy E=Kp;

- M?”’i,wl E KJKZPZ

- /\/l,w1 E _‘Kz(bz 2 20)
- M"Pi wy E K;(b; > 0)
- M,w1 E ﬁKj(bj = 10)
- M"Pi wy E K;(b; = 10)

3.3 Some Valid Formulas
Here we present some examples of valid formulas w.r.t. the proposed semantics.
Proposition 1. £ (b; > ca) < (7 A)T.

Proof. M,w E (7;A)T is equivalent to M,w E —[?;A]L by definition of (?;A).
Then M, w E —[?;A]L is equivalent to M,w F (b; > ca) and M"4 w F T. But
since w € W54 iff M,w E (b; > ca), then M4 w E T is also equivalent to
MiwE (b; > ca).

Proposition 2. F (7, A)p — [?7;A]e.

Proof. As we mentioned above, M, w E (?;A)¢p is equivalent to M, w E (b; > c4)
and M?4 w E . This conjunction obviously implies that M,w E (b; > c4) =
MBA wE .
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Proposition 3.  [?; A] K} A.

Proof. Ttis clear that w ~"#4 w’ implies (M, w E A and M, w’ £ A) or (M, w E —A
and M,w’ E —A) by Definition 6. Then M,w E (b; > ca) implies M4 w
(K, AV Ki-A).

3.4 Soundness and Completeness

Axiomatization of DELy, can be obtained by adding the reduction axioms from Table 3

to the axiomatization of ELy.. The notation ((z1t1 + o 2pt,) > z))[bl\(bi_cA)]
means that all occurrences of b; in (2161 + -« - + 2z, t,,) > 2z are replaced with (b; — ca).

Table 3. Reduction axioms and inference rules

(Rp) [7iAlp <« (b >ca)—p
(RZ) [?zA]((thl + - 4 Zntn) > Z)) o (bl > CA) R
= ((21t1 4+ + zaty) > 2)) P\ E 7o)

(Rﬁ) [7114]—\(,0 < (bz > CA) — —‘[71A}tp

(Ra) [TLAl(p AY) < [T Al A [7:A]Y

(Rrc;) [T Al Kp <> (bi > ca) — K;[7: Alp, where i # j
(RKi) [?ZA]KZQO < (bz > CA) —

= (A= Ki(A = [7419)) A (-4 > Ki(=A — [7:4]p)) )
(Rep) From b ¢ <> 1, infer - [7; A]p <> [7; Ay

Proposition 4. Axioms (R,,), (R-), and (R) and inference rule Rep are sound w.r.t.
.

Proof. Trivial.

Lemma 2. For i # j is holds that w N?A w iffw ~j w, M,wE (b; > ca), and
M,wE (b; > ca).

Proof. Follows straightforward from Definition 6.

Proposition 5. For any model M and any point w € W, it holds that
M, wE [LAIK @ iff M,wkE (b > ca) — K;[?7:Alp, where i # j.

Proof. (=) Let M,w F [7;A|K;p (1) and M, w E (b; > ca) (2). From (1), M, w F
(bi > ca) implies M" 4 w E Kjp (1.1) by Definition 5. Then M"4 w F K;¢p
from (1.1) and (2). Then Vw' : (w NEiA w') = M4 w' E ¢ by Definition 3.
This fact together with Lemma 2 implies that Yw'(w ~; w'): M,w’ E (b; > ca) =
M4 w' E . This is equivalent to M, w F K;[?;A]p, by Definition 3 and Defini-
tion 5.
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(<) The case for M,w ¥ (b; > c4) is trivial. Consider only the case for M, w E
K;[?;A]¢. Then V' (w ~; w') : M,w' E (b; > ca) = M" A w' E ¢. By Lemma 2
it holds that V' : w ~74 w' = M"4 w' F ¢. By Definition 3, M"4,w F Kj¢
and hence M, w F [7;A] K.

Lemma 3.

-w N}A w iffw ~; w' (1), MywE (b; > ca) (2.1), M,w' E (b; > ca) (2.2) and
w A w (3), where w ~ 4 w' holds if either both M,w E A and M,w' E A hold
or both M,w F —A and M,w' E —A hold,

- M,wkE Aiff M"4 wE A, where A is a propositional formula.

Proof. Follows straightforwardly from Definition 6.

Proposition 6. For any model M and any point w € W, we have:

A'e{A-A}

Proof. (=) Let M,w F [?;A]K;¢ (1) and M,w E (b; > ca) (2). From (1), (2)
and Definition 5 we get M4, w E K;p. Then Yo' (w ~'* w') = M4 w'E .
Assume that M, w E A. Then by Lemma 3 it follows that Vw' : w ~; w’ and M, w' E
Aand M,w' £ (b; > cy4) implies M”4 w' E . This is equivalent to M,w F
K;(A — [?;A]lp) by Definition 3 and Definition 5. Then, from our assumption we
proved that M, w F A — K;(A — [7;A]p). By a similar argument, one can show that
(<) The case for M,w ¥ (b; > c4) is trivial. Consider only the case for M, w E
AN (A = K4 — [7,4p)). Assume that M, w F A. Then M,w F
Are{A,~A}
K;(A — [?;A]p). Similarly, assuming M,w F -A entails M,w F K;(-A —
[?;A]p). Then for all w’, such that (w ~; w’) and w’ agrees with w on the valuation of
A it holds that M, w’ E [?; A]¢ and hence M, w’ E (b; > c4) implies M4 w' E ¢.
Then by Lemma 3 it holds that Vu' : w ~/"* w' = M"4 w' & . And hence
M4 w E K;p. By Definition 5, the last claim implies M, w £ [?; A]K; .

Proposition 7. Axiom (R>) is sound w.r.t. T

Proof. Tt is clear that M, w F [?;A](z1t1 + -+ + zZntn) > z iff M,w E (b > ca)
implies M” 4, w E (z1t; + -+ + z,t,) > z by Definition 5. Note that M*4 w
(zit1+- - -+2pty) > zisequivalentto M, w F (21t} +- - -+ 2,t)) > 2, where t}, =t
for ty = ca or ty = b;. And tj = t;, + Cost(A) for t, = b; since Cost?iA(B) =
Cost(B), Bdg;"A(w) = Bdg;(w) for i # j and Bdg“(w) = Bdg;(w) — Cost(A).
Then M,w E [?;A](z1t1 + -+ + zptyn) > z iff M,w E (b; > c4) implies M, w F
[(z1t1 + - 4 2Znty) > Z)][bi\(bﬁcfx)}.

Theorem 5 (Soundness). DELy. is sound w.r.t. M, i.e. Fper,, ¢ = Fon @

Proof. Follows from Proposition 4 — Proposition 7.
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Theorem 6 (Completeness). DEL,. is complete w.r.t. M, i.e. Fper,, @ iff Fon ¢

Proof. Left-to-right direction follows from Theorem 5. The other direction holds by
Theorem 2 and the standard for dynamic epistemic logic completeness via reduction
argument.

Theorem 7 (Decidability). The satisfiability problem for DELy. is decidable.

Proof. This result is straightforward since any DEL,. formula can be translated into
ELy. formula in finitely many steps by the rules presented in Table 3 and the decidability
of ELp. is demonstrated in Theorem 4.

4 Combination of DEL,. and PAL

The language DELy, extends the language DELy,. with a standard operator for public
announcement [!y]. A formula [!¢]t stands for "after public announcement of ¢, it
holds that ¢ ".

Definition 7. The formulas of DEL, are defined by the following grammar:

e, u=p|(a1ti 4+ 2tn) 2 2) | 20 | (0 AY) | Kip | [ 4], | [le]Y
where p € Prop, A € Lpy,i € Agt, t1,...,t, € Constand z1,...,2,,2 € Z.

Definition 8. M, w = [lo]y <= M,w | ¢ = M'?, w |= 1), where M is defined
in Definition 2 and M'? is a model M restricted to p-worlds.

Rational question We will call the question rational if the agent doesn’t know the
answer to this question. We can express the condition for a rational question in DEL
as [?77Alp = [I=K]A][?;Alp. A formula [?7 Al can be read as "¢ is true after 4’s
rational question whether A is true".

Example [3 cards puzzle] From a pack of three known cards X, Y, Z, Alice, Bob and
Cath each draw one card. Initially, all agents has zero points. If an agent has X or Y,
then its score increases by one point. Also, from a pack of three known card 1, 0, 0 each
agent draws one card. If an agent has 1, then its score increases by one point, 0 does
not change anything. An agent may ask a question publicly and get an answer (yes or
no) privately. The cost of any question is 1 point. Bob asks: "Whether Cath has the card
Y ?7". Alice says "I know that my points and Bob’s points are different". Cath says "I
know the cards".

We can represent the initial situation with a Figure 2. The sequence of updates can
be formalized as follows:

<?ZTJYC><!Ka(ba 7é bb)> <'KC(XYZ)7>T

Here K; (XY Z)7 := K!X+: NK!Y2 N K} Zr and K] X7 := K/ Xy N K] Xy A K} X,
(similarly for Y and 7). The results of updates are presented in Figure 3. Hence, the
only one possible world satisfies this series of updates.
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Fig. 2. Model for "3 cards" puzzle. Reflexivity, symmetry and transitivity are assumed.

Axiomatisation The sound and complete axiomatisation for DEL, can be obtained as
a combination of DEL,. and PAL (see [18]) proof systems with an additional reduction
axiom: [lo]((z1t1 4+ - + zntn) > 2) & (@ = (z1t1 + - + 2ptn) > 2)

5 Discussion

In this paper, we present EL., a static epistemic logic for budget-constrained agents,
and provide its sound and complete axiomatisation. Then we present DEL,,., a dynamic
epistemic logic for budget-constrained agents, which extends ELy. with dynamic opera-
tor [?; A]e. For the dynamic fragment, we provide sound reduction axioms demonstrat-
ing DELy. completeness via a reduction argument. The proposed logics are sufficiently
expressive to deal with non-trivial epistemic scenarios involving reasoning about costs
of propositional formulas and agents’ budgets. In addition, DEL,, is able to describe the
semantics of a special class of questions. These questions can be asked publicly, but the
answer is available only to the asking agent. Moreover, to get an answer, an agent must
spend some resources, thus decreasing her budget. This gives rise to a new direction of
research in the field of reasoning about resource-bounded agents in multi-agent systems
allowing to formalise not only inner or cognitive resources, but also external resources
as obstacles in the process of obtaining new information from the environment.

It is worth noting that we make some assumptions about the properties of Cost and
Bdg functions. Firstly, we assume that costs of formulas depend on a particular state of
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wesm | N\e | mors

Fig. 3. Models for "3 cards" puzzle in a series of updates. Reflexivity, symmetry and transitivity
are assumed.

a model, i.e. some formula can have different costs in different states. This assumption
allows us to model situations in which an agent does not necessarily know the cost of
some formula. Our second assumption is that agents do not necessarily know the budget
of other agents as well as their own. But this assumption can be eased by introducing
additional axioms as we demonstrate in Theorem 6. Our last assumption deals with the
relationship between the costs of different formulas. The fact that equivalent formulas
must have equal costs seems obvious. It is also plausible that Cost(A) must be equal
to Cost(—A), since asking questions “Is A true?” and “Is —A true?” can be considered
as the same informational action. But these are the only constraints on the Cost func-
tion we imposed in this paper. It remains an open question how to deal with Boolean
connectives in the sense of their costs. As a future work, one of our aims is to deal
with this aspect. For example, it looks quite natural to consider the following property:
cA + ¢ > caop, Where o is any Boolean connective.

As for the DEL,, extension, it is natural to introduce additional dynamic modalities:
an operator [?¢ A]y which involves sharing resources among a group of agents, G and
an operator (?%)¢ for existential quantification over updates (there is a propositional
formula, A, such that the cost of A is at most, n, and it is true that (?; A)¢). This would
allow us to define a concept such as n-knowability, meaning that ¢ is knowable given
n resources. Finally, in future work, we plan to establish complexity results for the
satisfiability problem and investigate model-checking algorithms for our logics.

Acknowledgements Support from the Basic Research Program of the National Re-
search University Higher School of Economics is gratefully acknowledged.
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Abstract. In the paper, we study the dynamics of coalitional ability by
proposing an extension of coalition logic (CL). CL allows one to reason
about what a coalition of agents is able to achieve through a joint ac-
tion, no matter what agents outside of the coalition do. The proposed
dynamic extension is inspired by dynamic epistemic logic, and, in partic-
ular, by action models. We call the resulting logic coalition action model
logic (CAML), which, compared to CL, includes additional modalities
for coalitional action models. We investigate the expressivity of CAML,
and provide a complexity characterisation of its model checking problem.

Keywords: Dynamic Coalition Logic - Coalition Logic - Dynamic Epis-
temic Logic - Action Model Logic.

1 Introduction

Coalition logic (CL) [18,17] is one of the most well-known formalisms for rea-
soning about strategic abilities of groups of agents in the presence of opponents.
Modalities {(C))¢ of CL express the fact that ‘there is a joint action by agents
from coalition C' such that no matter what agents outside of the coalition do
at the same time, ¢ will be true’. CL was conceived as a formal language for
strategic games, and constructs ((C))¢ characterise the existence of a winning
strategy for agents in C.

One way to approach models of CL is to view them as protocols or contracts
specifying what agents can and cannot do in different states. In this paper, we
propose an extension of CL, which we call coalition action model logic (CAML),
that includes modalities for updating those models. Such updates are carried out
with respect to action models that are expressed in the language with formulas
[Mg]p meaning ‘after executing action model Mg, ¢ is the case’.

In creating CAML we followed the lead of dynamic epistemic logic (DEL) [11],
and, in particular, of action model logic (AML) [9,11]. Action models in AML
model various epistemic events that can influence agents’ knowledge about facts
of the world and about knowledge of other agents. In a similar vein, coalitional
action models of CAML can influence strategic abilities of coalitions of agents.
On a more general scale, we hope that CAML will be a step towards a study
of dynamic coalition logic (DCL). To make the link between DEL and DCL
even more explicit, we can say that while DEL captures the the dynamics of
knowledge, DCL should be able to capture the dynamics of ability.
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CAML is not the first dynamic coalition logic. In [12] the authors proposed
dictatorial dynamic coalition logic (DDCL) that was inspired by arrow update
logic [15] and relation-changing logics [6]. DDCL updates strategic abilities of
single agents by granting them dictatorial powers or revoking such powers. Com-
pared to DDCL, action models of CAML allow for more fine-tuned updates that
may affect more than one agent in various ways. On the other hand, modalities
of CAML neither grant agents new actions they have not had before, nor remove
such actions. Thus, coalitional action models can be viewed as prescriptions of
how protocols or contracts between agents should be modified while taking into
account what agents actually can and cannot do.

The implementation of an action model in CAML is not, however, merely a
restriction (submodel) of the initial model. The action model might prescribe sev-
eral different modifications compatible with the same state in the initial model,
and the resulting updated model might have more states than the initial one.
We capture this by using a definition of a product update very similar to the
one used in AML. Restrictions on transition systems corresponding to policies,
norms, or social laws is far from a new idea [20, 21], and logical formalisms for
reasoning about such restrictions have been extensively studied, particularly us-
ing systems based on computation tree logic (CTL) [3]. In [4] a language similar
to CL is used: an expression of the form (C)¢, where C is a coalition and ¢ is a
temporal formula, expresses the fact that if coalition C' complies with the nor-
mative system, then ¢ will be true. Here, formulas are interpreted in the context
of a single, given, restriction on legal actions, and although one can quantify
over different parts of that restriction by varying the coalition C, the resulting
submodel will always be a restriction of the initial model. The conceptual over-
lap notwithstanding, CAML is significantly different: as mentioned earlier, the
updated models, obtained using action models, are not necessarily submodels,
and the underlying models are CL models with joint actions rather than Kripke
models of CTL.

After we briefly present necessary background information on CL in Section
2, we introduce CAML in Section 3. In Section 4 we show that CAML is strictly
more expressive than CL. This result shows a crucial difference between AML
and CAML: whereas the former is as expressive as the underlying epistemic
logic, and thus completeness of AML follows trivially from reduction axioms,
we cannot have reduction axioms for CAML. Moreover, we claim that CAML is
incomparable to alternating-time temporal logic (ATL) [5]. Added expressivity
of CAML comes at a price. In Section 5 we show that the complexity of the
model checking problem jumps from P for CL to PSPACE-complete for CAML.
Finally, we conclude in Section 6.

2 Language and Semantics of Coalition Logic

In this section we briefly provide all the necessary background information on
coalition logic [2,17]. Let A be a finite set of agents, and P be a countable set
of propositional variables.
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Definition 1. The language of coalition logic CL is defined by BNF:

pu=ploel(@ne) ] (Chy
where p € P and C' C A. Formulas (C))¢ are read ‘coalition C' can force ¢’. We

denote A\ C as C. The dual of (C)¢ is [C]e := —~{(C)—p. We will call subsets
of A ‘coalitions’, and we will also call complements of C, C, ‘the anti-coalition’.

The semantics of CL is given with respect to concurrent game models. A
concurrent game model (CGM), or a model, is a tuple M = (S, Act, act, out, L).
S is a non-empty set of states, and Act is a non-empty set of actions.

The function act : A x S — 24¢ \ () assigns to each agent and each state a
non-empty set of actions. A C-action at a state s € S is a tuple a such that
ac(i) € act(i, s) for all i € C. The set of all C-actions in s is denoted by act(C, s).
We will also write ag, U ae, to denote a Cy U Ca-action with C; N Cy = (.

A tuple of actions a = {(ay,...,ax) with k =| A | is called an action profile.
An action profile is ezecutable in state s if for all i € A, a; € act(i,s). The set
of all action profiles executable in s is denoted by act(s). An action profile «
extends a C-action a¢, written ac C a, if for all i € C, a(i) = ac(i).

The function out assigns to each state s and each « € act(s) a unique output
state. We write Out(s, ac) for {out(s,a) | @ € act(s) and ac C a}. Intuitively,
Out(s, ac) is the set of all states reachable by action profiles that extend some
given C-action ac. Finally, L : S — 2% is the valuation function.

We will also denote a CGM M with a designated, or current, state s as Mj,
and will sometimes call it a pointed model. We call M finite if S is finite.

Definition 2. Let M, be a pointed CGM. The semantics of CL is defined in-
ductively as follows:

M E=p iff s € L(p)

M |=—p  iff Mg [

Ms =AY iff Ms = ¢ and Mg =1

M = (C) ¢ iff Jac, Yoz : My |= ¢, where t = out(s,ac U ag)
M, = [Cly iffVac,Jog : My = @, where t = out(s, ac U ag)

Informally, the semantics of the coalition modality (C))¢ means that in the
current state of a given CGM there is a choice of actions by the members of
coalition C' such that no matter what the opponents from the anti-coalition C
choose to do at the same time, ¢ holds after the execution of the corresponding
action profile.

Definition 3. We call a formula ¢ valid if for all M it holds that M, = .

Ezample 1. An example of a CGM is presented in Figure 1 on the left. The
model is called M and it describes the following protocol. There are two states:
s, where agents receive a prize (propositional variable p), and state ¢, where
agents do not receive a prize. Each agent has two actions in each state, and they
can switch states by ‘synchronisation’, i.e. by choosing actions with the same
number, either agby or a;b;. Formally, M, = p A ({a, b}))—p. At the same time,
no agent alone can force the transition to state ¢, or, in symbols, M, = [a]pA[b]p.
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The classic notion of indistinguishability between models in modal logic is
bisimulation. In this paper, we will use a CGM-specific version of bisimulation

[1]-

Definition 4. Let M = (SM, ActM act™ out™, LM) and N = (SV, Act?,
actN, out™, LN) be two CGMs. A relation Z C SM x SN is called bisimulation
if and only if for all C C A, sy € SM and sy € SN, (s1,82) € Z implies

— forallp € P, 51 € LM(p) iff s, € LN (p);

— for all ac € actM (C,s1), there evists Bc € actN(C, sy) such that for every
sh € Out™ (sq, Bc), there emists sy € Out™ (sy,ac) such that (s}, sh) € Z.

— The same as above with 1 and 2 swapped.

If there is a bisimulation between M and N linking states s1 and so, we call the
pointed models bisimilar (M,, = Ng, ).

The crucial property of bisimilar models, that will be of use later in the
paper, is that bisimilar models satisfy the same set of formulas of coalition logic.

Theorem 1 ([1]). Let M and N be CGMs such that M = N and there is a
bisimulation between s € SM and t € SN. Then for all ¢ € CL, My = ¢ iff

Nt):go

3 Coalition Action Model Logic

Before providing formal definitions, we introduce coalitional action models intu-
itively with an example.

3.1 Informal Exposition and Example

Coalitional action models are inspired by action models of DEL [9, 11], and they
are, basically, models, where each state has an assigned formula that is called a
precondition. Preconditions indicate which states of action models are executable
in which states of a given CGM. An action model can be viewed as a policy,
explicitly describing legal joint actions and implicitly imposing restrictions on
existing joint actions in different states. However, the result of implementing
an action model policy is not necessarily a submodel of the initial model: it
can in fact have more states, if the action model describes more possible actions
compatible with the same state in the initial model. We capture this by a product
update using a restricted Cartesian product, very similar to product updates in
AML. In particular, in the update of a CGM with an action model, we take
a product of states of the CGM and those states of the action model that are
satisfied according to preconditions. In the resulting updated model, a transition
labelled with an action profile is preserved, if there is a corresponding transition
in both CGM and the action model. To differentiate CGMs and coalitional action
models, we will use sans-serif font for the elements of the latter.
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aob1 aobo a()bl aOb1 . )
a1bo aiby aibo aobo t: T Da-b_
s:p aobo t:-p s: T
S ab _~
a1b0
aiby uip _Da-b_
M M

Fig. 1. Model M (left) and action model M (right).
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(S’ u) P D albo, a1b1

Fig. 2. Updated model M™ with added action profiles in bold font.

MM

Ezample 2. As a continuation of our prize example, consider action model M in
Figure 1. In the figure, a_b_ is a shorthand that the corresponding transition is
labelled by all of agbg, agbi, a1bg, and aqb;.

Action model M describes a policy that prescribes the following modification
of the protocol expressed by CGM M. In all states, s or ¢, if the first agent chooses
action ag, then follow the prize protocol without any modifications (expressed
by state t). If the first agent chooses action a1, then agents enter a state, where
each their joint action gets a prize (expressed by state u).

The result of updating CGM M with action model M is updated model M™
(Figure 2) that is based on a product of states of M with those states of M that
satisfy preconditions. For example, precondition of state s is satisfied by both s
and t, and thus we have both (s,s) and (¢,s) in the updated model. There is an
arrow labelled with an action profile o between some (s,s) and (¢,t) if there are
arrows labelled with « from s to ¢ and from s to t. Finally, p is satisfied by (s,s)
if pe L(s).

Observe that although in the example for both M and M transitions from
each state were defined for each action profile, it is not the case for the corre-
sponding function of MM. The reason for this is that the intersection of transi-
tions from M and M is not guaranteed to include all executable action profiles.
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Indeed, in the example, in M, action profile a1b; takes the agents to a —p-state,
while the same profile in Mg takes the agents to a p-state. Similarly for action
profiles a;1bg in states ¢t and s, and agby and a1b; in states s and u.

This can be interpreted as the uncertainty (or a conflict) agents may have
when a new modification contradicts the existing protocol. We deal with such
situations by making the agents remain in the current state in the cases of such
uncertainty. In other words, we follow the rule that says when in doubt, remain
where you are. On the level of updated models this means that for all action
profiles « that are not defined, we put outMM((s, s),a) = (s,s). That is why in
MM action profiles aiby and a;b; (in bold font) loop back to states (¢,s) and
(s,s) correspondingly. Moreover, action profiles agby and a1b; loop back to (s, u).
In this paper, we will write labels of added self-loops in bold font.

Of course, our approach to managing these conflicts is quite conservative, and
one can imagine more radical ways of updating a CGM. We leave the exploration
of such alternatives for future work.

All in all, action model M updates agents’ strategic abilities by taking into
account what they actually can achieve in a given CGM M. Thus, in Figure
2 we can indeed see that in state (s,s) action ag by the first agents leads to
agents executing the same protocol as described by CGM M (states (s,t) and
(t,t) in the updated model). On the other hand, contrary to the situation in
the initial model, now in the updated model agents can reach state (s, u), where
they always receive prizes. Formally, we can write My £ ({a,b})[{a,b}]p and
My E [Mg{{a,b})[{a,b}]p, where construct [Ms] means execution of action
model M with the actual state s.

3.2 Syntax and Semantics of Coalition Action Modal Logic

Definition 5. A coalitional action model M, or an action model, is a tuple
(S, Act, act, out, pre), where S is a finite non-empty set of states, Act is a non-
empty set of actions, act : A x S — 22\ () assigns to each agent and each state
a non-empty set of actions. Definitions related to action profiles are the same
as in the definition of CGM. Function out is a partial function that maps all
action profiles executable in a state to a unique output state. Finally, pre : S—CL
assigns to each state a formula of coalition logic. We denote action model M with
a designated state s by M.

Definition 6. The language of coalition action model logic CAML is given
recursively by the following grammar:

pu=p|oel(@ne) | (Chelrle

mou=Ms | (mUm)
where [w]e is read ‘after execution of 7, ¢ is true’, and the union operator stands
for a non-deterministic choice. Dual {m)p is defined as —[m]—.

Definition 7. Let My, = (S5, Act, act, out,L) be a pointed CGM and Mg =
(S, Act, act, out, pre) be a coalitional action model. The semantics of CAML ex-
tends the semantics of CL in Definition 2 with the following:
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E [Mde  iff M = pre(s) implies M('\;',s) Eop
s E(Mgyp  iff My |= pre(s) and M(I\g,s) Eop
M, = [r U pl iff M, =[xl and M, = [l

M = (m U p)p iff My = (m)p or My = (p)¢

The updated model MM is a tuple (A,SMM,Act, act, outMM,L), where

M,
M

SM" = {(s,5) | s€ 8,5 €S, and M, = pre(s)},

MM — -
outMM((s,s),a) _ (t,t) (t,t) € -S ,out(s,a) =t and out(s,a) =t
(s,s), otherwise.

According to the definition of an updated model, we assume that action mod-
els do not grant agents new actions, and, moreover, the valuation of propositional
variables remains the same. Thus, action models can be viewed as policy updates
that deal only with agents’ strategic abilities, and take into account what agents
can actually do in the current CGM. Another point worth mentioning is that in
our definition of action models we do not require the function out to be total.

There are many similarities between AML and CAML. In particular, all of
the following properties are valid for both logics. Their validity in the case of
CAML can be shown by application of the definition of the semantics.

Proposition 1. All of the following are valid.

The first item states that there is only one way to execute an action model.
This is similar to public announcements [19]. Note, however, that in general,
(m)yp — [7]p is not valid, since (m)ep is executed non-deterministically. The sec-
ond property shows that updating a model does not affect propositional vari-
ables. Interaction between action models and negation is captured by the third
item. Property number four states distributivity of action model updates over
conjunction. Finally, the fifth item shows how we can get rid of the union.

Even though Proposition 1 shows that AML and CAML have much in com-
mon, the logics are different in a very crucial way. Items two, three, and four of
the proposition, interpreted as AML formulas, in conjunction with an interaction
principle for AML action models and knowledge modality, constitute reduction
axioms of AML. This means, that in the context of AML, each formula with an
action model can be equivalently rewritten into a formula without it, thus show-
ing that AML is as expressive as epistemic logic, and providing a completeness
proof for AML ‘for free’ (see more on this [11, Sections 6,7, and 8]). We show in
the next section that this is not true for CAML.
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4 Expressivity

In this section, we argue that, unlike the case of DEL, CAML is strictly more
expressive than CL, and thus no reduction axioms are possible. Apart from that,
we briefly compare CAML to alternating-time temporal logic (ATL) [5].

Definition 8. Let ¢ and ¢ be formulas of a language interpreted on CGMs. We
say that they are equivalent if for all pointed CGMs My it holds that Mg = ¢

iff My 0.

Definition 9. Let £1 and Ly be two languages. We say that L is at least as
expressive as Lo (Lo < L1) if and only if for all ¢ € Lo there is an equivalent
W € Ly. If L1 is not at least as expressive as Lo, we write Lo L L. If Lo < L4
and L1 € Lo, we write Lo < L1 and say that Ly is strictly more expressive than
Lo. Finally, if L1 € Lo and Lo € L1, we say that L1 and Ly are incomparable.

Theorem 2. CL < CAML.

Proof. That CL < CAML follows from the fact that CL € CAML. To show
that CAML £ CL , consider models M, from and Ny from Figure 3. In the
models, a_b_ is a shorthand for all of agbgy, agbi, a1by, and a1b;. Observe that
the two models are quite similar and the difference is that in M, the agents
can force —p if they choose actions labelled with the same number, e.g. agby,
and in Ny the agents can force —p is they choose actions labelled with different
numbers, e.g. apb;. It is easy to check that the two models are bisimilar, and
thus satisfy the same formulas of CL by Theorem 1.

aob1 aobo
a1bo arb a-b_ a1b1 aoby a-b_ aobo
Q aobo Q Q a1bo Q Q
$:p—m—n—st:p $:p——nst:p s: T
M N M

Fig. 3. Models M (left), N (middle), and action model M (right).

Now consider action model M in Figure 3. The action model has only one
state with the precondition T and one self-loop labelled with agbg. The results
of updating M, and N, with Mg are presented in Figure 4.

It is clear that M = (Mg){({a,b})—p and Ny = (Mq){({a,b}))—p. Thus we
have that, first, no formula of CL can distinguish My and N, and, second,
that formula (Mg){({a,b}))—p of CAML distinguishes the models. Hence, CL <
CAML. O

From Theorem 2 it follows that there cannot be any reduction axioms for
CAML. There is, however, yet another interesting corollary. In the proof, we
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aob1
a1bo aobo, agbi aobo, agbi aobo, agbi
ai1b; aibo, a1b: a1bo, a1b: a1bo, aib:
N D 0 0
(s,8) :p ———— (t,t) : —p (8y8):p (t,t) : —p
MM M

Fig. 4. Updated models M™ (left) and N™ (right) with added action profiles in bold
font.

started with two bisimilar models, and the results of updating them with the
same coalitional action model turned out to be not bisimilar. This is quite dif-
ferent from DEL, where updates with action models preserve bisimulation [11,
Proposition 6.21].

Corollary 1. Coalitional action models do not preserve bisimulation.

Now we turn to the comparison of CAML and ATL [5], with the latter being,
probably, the most well-known logic for reasoning about strategic abilities. Other
notable examples of such logics include ATL* [5] and strategy logic (SL) [16].
ATL extends CL with temporal operators X¢ for ‘p is true in the next step’, Gy
for ‘¢ is alway true’, and ¥U¢p for ‘¢ is true until ¢’. Due to the lack of space
we do not present ATL here, and the the interested reader can find more details
in the cited literature [5, 1, 2].

Theorem 3. CAML and AT L are incomparable.

Proof. We omit the proof for brevity and just give some general intuitions of
the main points. First, to argue that CAML £ AT L, we can reuse the proof
of Theorem 2 without any modification with only mentioning that for bisimilar
models, Theorem 1 can be extended to AT L [1]. Second, to show that AT L £
CAML we can consider an AT L formula with Until modality. Then we assume
towards a contradiction that there is a CAML formula of some finite size n that
is equivalent to the AT L formula with Until. After that, we can construct two
models of size greater than n so the the A7 L formula can spot a difference with
the help of Until, and the CAML formula does not have enough ‘depth’ to spot
the difference. a

5 Model Checking

Now we show that the model checking problem for CAML is PSPACE-complete.
It is known that model checking coalition logic can be done in polynomial time,
and, thus, in the case of CAML, we have to pay for increased expressivity with
higher complexity. This is similar to the situation with DEL, where model check-
ing epistemic logic can be done in polynomial time [14], and the complexity of
model checking action model logic is PSPACE-complete [8].
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Theorem 4. The model checking problem for CAML is PSPACE-complete.

Proof. To show that the model checking problem for CAML is in PSPACE,
we present Algorithm 1. Boolean cases and the case of coalition modalities take
polynomial time and we omit them for brevity. For an overview of model checking
of strategic logics, including CL, see [10].

Algorithm 1 An algorithm for model checking CAML

1: procedure MC(M, s, )
2: case ¢ = [M]y
if MC(M, s, pre(s)) then
return MC(MM, (s,s), )
else
return true
case ¢ = [r U ply
return MC(M, s, [r]y) and MC(M, s, [p]y))

The algorithm follows the semantics and its correctness can be shown via
induction on ¢. Now we argue that the algorithm takes at most polynomial
space. The interesting case here is ¢ = [Mg]t. Since preconditions are formulas
of coalition logic, MC(M, s, pre(s)) is computed in polynomial time, and hence
space. The size of updated model MM is bounded by O(|M| x [M]) < O(|M| x
|]). Finally, since there at most |p| symbols in ¢, the total space required by
MC(M, s, ¢) is bounded by O(|M| x |p|?).

To show hardness, we take the PSPA CE-hardness proof of the model checking
problem for AML [8] as a starting point, and adapt the technique to CGMs and
coalitional action models. The main difficulty we face here is that we need to
fine-tune models and action models used in the proof in order to ensure that out
functions behave as expected.

We use the classic reduction from the satisfiability of quantified Boolean
formula (QBF) that is known to be PSPACE-complete. Also, without loss of
generality, we assume that our QBFs have 2k variables with alternating quanti-
fiers. See more on satisfiability of such QBFs in [7, p. 83].

For a given QBF ¥ := Vxi3xs ... Vaop_13xoptd(x1, ..., Tor) We construct in
polynomial time a CGM M, over A = {a}, action models AddChainig for all z;,
action model Copy,, and a formula of CAML " such that

¥ is satisfiable iff
M, = [AddChainlg U Copy,|(AddChain2; U Copy,) . . .
[AddChain(2k — 1)531%1 U Copy,](AddChain2kg. U Copy,)y'.

Model M is a tuple (S, Act,act,out, L), where S = {s; | 0 < i < 2k + 1},
Act = {a; | 0 < i < 2k}, act(a,s;) = Act for 0 < ¢ < 2k, and act(a, Sop41) =
{ao}, out(s;,a) = s;41 for 0 < @ < 2k, and out(sogt1,q) = Sok+1, and {z;} =
L(s;) for 0 < @ < 2k + 1. The model is a chain of states of length 2k + 1 such
that each next step is reachable via actions ag, ...,asr of agent a, and there is a
self-loop labelled with ag in the last state sox41. Each state satisfies exactly one
propositional variable z;.
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Coalitional action model AddChaini is a tuple (S, Act, act, out, L), where S =
{si |0 <j <i}U{si}, Act = {a; | 0 < i < 2k}, act(a,s?) = {a; | 1 <1< i}
for j # i and j # 0, act(a,s)) = Act, act(a,st) = {a; | 0 <1 < 2k and | # i},
out(st,a;) = st for 0 < j < i, 1 <1 < iandl # 0, out(sh,a;) = s. for
I =0and ! > i, out(si,a;) = si, out(si,a;) = s’ for 0 < j < 2k and j # i,
pre(si) = x; for 0 < j <4, and pre(s,) = —xo. Action model AddChaini is a chain
of length 7 where each next state is reachable via all actions a; excluding ag, the
final state in the chain has a self loop labelled with a;, and a special state s', is
reachable from the first state of the chain via a¢ and all a; such that j > i. The
intuition behind the action models is that AddChaini’s add chains of length 7 to
M meaning that variable x; has been set to 1. Moreover, all other chains that
were already in a CGM are not affected.

Coalitional action model Copy is a tuple (S, Act, act,out, L), where S = {t},
Act = {a; | 0 < i < 2k}, act(a,t) = Act, out(t,a) = t, and pre(t) = T. Action
model Copy just copies a given model so that no new chain appears meaning
that the current x; has been set to 0.

Finally, we translate ¢(x1, . . ., 221 ) by substituting every x; with ({(a)))*[a];,
where (((a)))? is a stack of size i of ((a))’s. In the resulting translated formula,
subformula ({(a)))*[a]z; holds if in a model there is a chain of length i with a
loop at the end. This means that variable x; has been set to 1.

As an example, consider a QBF Vai3xa(x1 — z2). We translate the formula
into a CAML formula

[AddChainlg U Copy:|(AddChain2; U Copy:)({(a)) [a]z1 — (a)) (a))[a]z2).

The corresponding model M and action models AddChainl, AddChain2, and Copy
are presented in Figure 5.
According to the semantics,

M; = [AddChainlg U Copy:](AddChain2g U Copy:)({(a) [a]z1 — (a)) (@) [a]z2)
if and only if

M; = [AddChainlg](AddChain2g; U Copy:)(((a)) [a]z1 — (a)) (a)) [a]22)
and

M; = [Copy:|(AddChain2 U Copyy) ({a) [alz1 — ((a)) (a)) [alz2)-

In other words, (AddChain2g U Copy:)(((a))[alz1 — ((a))(a))[a]z2) should hold
in both MAddChainl 4nq 1<  Updated model MAddShaint g depicted in Figure

(50,55) (s0,t)" (s0,55)

6, and model M (CS sz) will just copy M, so we do not provide the figure.

Now, for each of and M(CS Zpi) there must be a subsequent update

with either AddChain2 or ’Coopy such that ((a)[a]z1 — (@) {a)[a]xe will hold in
the resulting model.
The result of updating M °?Y with AddChain2 is shown in Figure 6. Note that

Mézp{’g‘;dChai"Q E (a)a]z1 — {a){a)[a]zs as the antecedent is not satisfied.
,t,Sp

MAddChainl
30.51
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AddChainl
S2 1 X2 azngzxz
ap, a1, az a0, a1, as AddChain2
ao ( s3:a3 t: T
M Copy

Fig. 5. Model M, and action models AddChainl, AddChain2, and Copy.

(507 5(]5) *To

(so, t, s%) 1 o

ao, az ap ai, az
(sl,si) 2 (sl,s%) 2 (sl,t,si) 121 (s1,t, sf) 121
ao, az 80,481,382 ao, a a1, az
(s2,5%) : @2 (s2,t,52) : T2 (82,t,53) : 2o
ao, a2 ao, a1 ao,g,az
(s3,5%) : 3 (s3,t,52) : x3

o o

ppAddChaint g Copy,AddChain2

Fig. 6. Updated models MAdIChainl gpq ppCopy,AddChain2 with added action profiles in
bold font.

Also observe that M (CS Zp{’tc)o‘)y would satisfy the formula for the same reason. All
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in all; this corresponds to setting x; to 0 in the original QBF, and thus the QBF
will be true irregardless of the value of xs.

(5075(1)753) *Xo

ag as a1
(s1,s%,8%) : a1 (s1,s%,8%) : 3 (s1,81,53) : 21
ao as ao,g,az
(52,517s§) T X2 (52,51,55) T X2
ao a(},)az

(S3,S}HS§) I3

U

ao

MAddChainl,AddChain2

Fig. 7. Updated model MAddChainl,AddChain2 it} 5 dded action profiles in bold font.

Consider updated model MA94Shaint Tt has only chains of lengths 1 and 3,

(30»5(1))

and thus we have that M(Asidscl';ainl {a)[a]z1 and at the same time Mé‘idsclgai"l
s ol

{a) {a)[a]x2. So, Méi‘f%‘ainl does not satisfy formula {(a) [a]z1 — {a) {a)) [a]z2.
Hence, updating it with Copy would also result in a model, where the formula
is not satisfied. This corresponds to choosing value 1 for z; in our QBF, and
setting x5 to 0 will not make the QBF true. However, choosing 1 for x5 satisfies
the formula. In terms of updated models this corresponds to updating M (Asi‘f%ainl
with AddChain2, and the result of such an update is depicted in Figure 7. Note
that in Figure 7 we take the connected component that includes state (so, sy, s3),
and we disregard state (sq,si,s2) that will not be connected to the chosen com-
ponent. It is clear that M é idsfl,h:é; 1,AddChain2 * ohich corresponds to setting both
x1 and zo to 1, satisfies {(a)[a]z1 — (a)){(a)[a]z2.

Our construction mimics QBFs in the following way. For a universal quantifer
Vx,; we use [AddChainisg UCopy,| that corresponds to producing an updated model
with a chain of length 4, setting x; to 1, and an updated model without such a
chain, setting z; to 0. In the case of Jz;, the choice between AddChainig; and

Copy, is existential, which is expressed by (AddChainig; U Copy,). As a result of
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such a choice, we will have an updated model with a chain of length ¢, or an
updated model without such a chain. a

Remark 1. Our hardness reduction relied heavily on non-deterministic choice,
i.e. constructs [ U p] and (m U p). As we have already mentioned in Proposition
1, item five, we can equivalently rewrite formulas with unions to formulas without
it. This rewriting, however, can result in a formula of exponential size. We leave
the problem of determining hardness of model checking CAML without union
open, and conjecture that it is still PSPACE-hard. On a similar note, a more
complicated construction than the one used in [8] was employed to show that
DEL without union is PSPACE-hard [13, Theorem 4.

6 Discussion

We presented coalition action model logic (CAML) for reasoning about how
agents’ abilities change as a result of updating a CGM with a coalitional action
model. Even though we took inspiration from DEL, CAML turned out quite
different. In particular, CAML is strictly more expressive that the base CL, and
thus no reduction axioms possible. We also claimed that CAML is incomparable
to ATL, and conjecture that the same holds for other logics for reasoning about
strategic abilities, namely ATL* and SL. Finally, we investigated the complexity
of the model checking problem for CAML, and showed that it is PSPACE-
complete.

Since this is the first proposal of DEL-like action models for CGMs, there is
a plethora of open questions. First, the non-existence of reduction axioms leaves
open the problem of providing a sound and complete axiomatisation of CAML.
Moreover, it is also worthwhile to investigate coalitional action models with
postconditions, i.e. action models that allow changing valuations of propositional
variables. While we expect that postconditions will not affect the complexity of
model-checking, expressivity results may turn out to be more surprising. Another
avenue of further research is having a more expressive base language than CL.
In particular, we plan to use action models with ATL and ATL*. Apart from
that, we had to make a design decision that whenever the result of executing
an action profile is undefined (or, there is a conflict between the existing model
and a proposed modification), then a given system remains in the same state.
However, there may be other intuitively natural ways to handle situations like
that. Finally, our action models are quite conservative in the sense that they
neither grant agents new actions nor revoke any actions. It would be exciting to
come up with action models that affect agents’ sets of available actions.

Acknowledgments We would like to thank anonymous reviewers of AiML 2022
and Dal.i 2022 for their careful reading of the paper and encouraging comments.
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Abstract. Dynamic quantum logic (DQL) is studied to represent the
proposition of dynamism in quantum information theory as traditional
quantum logic cannot deal with it. Although DQL includes many impor-
tant notions for quantum physics and quantum information theory, there
are still missing elements. Some concepts of measuring a specific physical
quantity cannot be represented in the exiting DQL. In this study, we add
a new concept of measurement to DQL, and discuss the property of this
new logic.

1 Introduction

Quantum logic (QL) has been studied to handle unique propositions that appear
in quantum physics. Moreover, numerous types of logics and structures have been
proposed to represent and analyze such propositions [11] [12] [16] [23]. In partic-
ular, logic based on orthomodular lattices, namely, orthomodular logic (OML),
has been studied since 1936, proposed by Birkhoff and Von Neumann [10]. An
orthomodular lattice is related to the closed subspaces of a Hilbert space, which
is a state space of a particle in quantum physics. Instead of these lattices, the
Kripke model (possible world model) of OML can be used, which is called the
orthomodular-model (OM-model) [11] [20] [21]. Intuitively, each possible world
of an OM-model expresses an one-dimensional subspace of a Hilbert space, cor-
responding to a quantum state. In quantum mechanics, due to the uncertainty
principle, exact values cannot be simultaneously obtained for a specific set of
physical quantities (for example, momentum and position along an axis). This
statistical property is the nature of the states of the object and exists indepen-
dently of an experimenter’s knowledge. OML handles the most basic part of this
special nature of states. For more details on QL and quantum physics, see [11]
[12].

In OML, static propositions such as “In this state, A is true” are treated.
Dynamic propositions such as “After unitary evolution U, A is true at a state”
cannot be treated in OML. To deal with dynamic propositions and modality
in quantum physics, [2]-[6] have introduced dynamic quantum logic (DQL). In
DQL, some dynamic concepts are defined as modal symbols. In particular, two
dynamism, unitary transformations (unitary evolutions) and projections onto
closed subspaces, have been mainly analyzed. These two dynamisms play a cen-
tral role in the dynamic notion of quantum mechanics. Unitary transformations
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are the most basic state changes in quantum mechanics. Intuitively, this change
corresponds to the change due to the equation of motion in classical mechanics.
On a Hilbert space, these changes are expressed by unitary operators. Changes
due to projection are unique to quantum mechanics, and appear when a phys-
ical quantity of the state is observed. This concept will be explained later. As
the quantum theory progresses, various types of dynamism appear. They are
revealed by the analysis of various kinds of operators in a Hilbert space.

Although some modalities in quantum physics have been studied in mathe-
matical logic, logical analysis of dynamic concepts in quantum mechanics is still
underway. In particular, there is still room for development in analysis in the
direction using abstract models. In general, QL has been developed using two
primary methods. The first method is research using models that can express al-
most all properties of Hilbert spaces [12] [14]. In this context, the Hilbert space is
often used as a model. The second method is research using a simple model that
includes only specific parts of a Hilbert space [10] [24]. Studies using orthomod-
ular lattices formed by observational propositions of a Hilbert space belong to
this category. Each of these two methods has its advantages and disadvantages.
The former method is suitable for detailed and diverse analysis of quantum me-
chanics because it can express almost all propositions for the states or values
of physical quantities in quantum mechanics. However, it has the disadvantage
that logical analysis is difficult because logical symbols and models become quite
complex. Although detailed analysis is impossible in the latter method, specific
properties can be treated in detail. Further, because simple logical symbols and
models are used, it is easy to perform logical analysis and comparison with other
logics.

The former method is extremely common when considering propositions
about complex notions in quantum mechanics. The second method with complex
notions of quantum mechanics has not been studied enough because it cannot
handle complex concepts without constructing the model and logic well. To de-
velop an abstract method, it is desirable to develop it without complicating the
concepts used as much as possible. For example, when using a binary relation
model, it is desirable to only increase the types of relations or formulas, and it
is not so preferable to add other complicated mathematical structures. In this
study, we add important concepts in quantum mechanics to abstract quantum
logic while keeping this constraint.

In quantum physics, the concept of observing the properties of a particle has
been extensively studied. Various types of observations are defined and analyzed
depending on the observation method and accuracy. Mathematically, positive
operator valued measurement (POVM) is widely studied as a general measure-
ment [19]. POVM can be divided into several types depending on what kind of
operator is used. Among them, projection valued measurement (PVM) is recog-
nized as a basic measurement. In this measurement method, the propositions of
a physical quantity are associated with each closed subspace in a Hilbert space
or projection operator corresponding to it. The result of the measurement is
determined by the probability associated with each projection. After the mea-
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surement, the state is projected onto the closed subspace corresponding to the
obtained proposition.

In general, physical quantity is represented by an orthonormal basis of a
Hilbert space. Each physical quantity corresponds to each orthonormal basis,
and each value corresponds to each base. Therefore, PVM of strict value (not in
range) of a physical quantity is represented by projection onto an orthonormal
basis of a Hilbert space. For example, after the value of a physical quantity is
observed to be 3, the state is immediately projected onto the base which 3 is
assigned.

In mathematical logic, these concepts of measurement have been studied ab-
stractly in some contexts. For example, in [3] and [4], the nature of the observer’s
knowledge when observing physical quantities is analyzed. These contexts are
based on DQL and involve DQL’s nature to handle the concept of projection
concisely.

Although the notion of projection can be used in DQL, the proposition of
projective measurement can only be dealt with in a limited way. Intuitively, the
concept of projection used in DQL can only handle the so-called YES-NO judg-
ment of whether or not proposition A holds. This measurement correspond to
PVM composed of projections onto the closed subspace that A is true and the
orthogonal closed subspace of it. The formula of DQL [A?]B can be translated
as “After testing whether or not proposition A holds, if A is true, then B is
also true.” In this setting, propositions involving the measurement of specific
physical quantity, such as “After observing one value of a physical quantity M,
whatever the value, A is true” cannot be handled because in the present studies
of DQL, there is no modal symbol for projection onto specific orthonormal basis.
Moreover, the current DQL model does not include the concept of an orthonor-
mal basis. Therefore, DQL cannot express some types of PVM. To overcome
this problem, in this study, we add the notion of an orthonormal basis to the
model and add new symbols for measurement to the language, and analyze its
nature. The formula correspondences with the new modal symbols for important
conditions are also given. Similar to the original DQL, these formulas express
important elements of a Hilbert space.

We add a new class of propositional variables to the language, and bases are
expressed by these variables. Moreover, a new modal symbol is defined as pro-
jections onto these bases. The properties of orthogonal bases are represented by
axioms and rules that include this symbol. As one of the features of this method,
we do not use symbols that specifically specify the state, such as nominal, since
we want to keep the concept as simple as possible.

As a model, we adopt the model of DQL and construct a new model by
adding abstract concepts of orthonormal basis to it. Intuitively, a model for
DQL is constructed by adding some conditions of Hilbert spaces to a basic model
for dynamic logic [13] [15]. This model does not introduce all the properties of
Hilbert space but expresses only some of the properties that are suitable for
binary relations. [2]. Some cumbersome conditions for Hilbert spaces are not
added to the model, as these conditions do not appear in the main argument.
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Although most conditions are the same as in [2] but modified slightly to be
suitable for handling in this study. This change does not affect the outline of the
discussion.

In section 2, we review the definition and concept of DQL. In section 3, we
discuss the main topics. We discuss in detail why normal DQL is incompatible
with some concepts of measurement, and discuss how to solve this problem by
adding new modal symbols for measurement and constructing a new model. In
section 4, some remarks and future works are discussed.

2 Basics

In this section, we review the definition and concept of DQL using mainly the
basic notations in [2]. We omit some details here; see [2]-[6] for full details about
DQL. We use almost the same language as dynamic logic but without Kleene
star. We add the symbol § for the Hermitian conjugate of a transformation.
We also add the modal symbol [J to denote non-orthogonality. We use p,q, ...
to denote propositional variables and A, B, C, ... to denote composite formulas.
We use U, V, ... to denote variables for unitary evolution and 7 to denote com-
posite actions. We use U to denote the set of all variables for unitary evolution.
Formulas and actions are defined below.

Auz=p| L]|-A| AANB|OA | [7]A
gu=U|nt |7ur|mm| A?

We use the following abbreviations: AV B = =(-AA-B), A— B =-AVB,
A+ B=(A— B)AN(B— A), 0A=-0-A, (n)A = —[n]-A. We write A[p/B]
to mean that all appearances of p in A are replaced by B.

A dynamic frame is defined as a triple <X7{Y—?>}Ygx,{£>}(]eu>. X isa
nonempty set. {i}ygx is a set of binary relations Y?(Y C X) on X. {L}UGL{
is a set of binary relations U € U on X. That is, for every Y C X and U € U,
we define a binary relation on X. Moreover, we use the same symbols of unitary
evolutions in formulas and binary relations. For any relation R and for every
x,y € X, we write x(R)y if (z,y) € R. We define the composite relation R; R’
by R; R = {z,y € X| there exists z € X such that (R)z and z(R')y}. We also
We introduce a binary relation £ on X as follows:

x Ly < there exists Y C X such that (Y ?)y or y(Y?)x.

We write z Ly if not = Y y. We write z LY if for all y € Y, x 1y where z € X
and Y C X. Given Y C X, we define the set Y+ = {z € X|rLY}. We say that
Y is testable if Y+ =Y. We write Y LZ ifforally € Y and 2z € Z, yLz.

We define a dynamic quantum frame (X, {Y—?)}ygx, {g}er by adding the
following conditions to a dynamic frame. In these conditions, new binary rela-
tions in the form of R' appear. However, it can be seen that these new relations

are uniquely determined by {Y—?>}yg x and {i}Ueu from the conditions. This
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is the same as the conjugate P! of the operator P being uniquely determined in
a Hilbert space. Therefore, we do not express these relations in the expression

of a dynamic quantum frame (X, {Y—?>}ygx, {i}yem.

1. There is no z,y € X such that z(#?)y. For all z € X, x(X7)x.
2. Forallz,y,z € X, if (Y?)y and z(Y'?)z, then y = 2. (Partial functionality
of P?)
3. Ifx €Y, then z(Y?)z. (Adequacy)
4. For all z,y € X, if Y C X is testable and z(Y?)y, then y € Y. (Repeata-
bility)
5. For all Y,Z C X, if Y and Z are testable and Y7; 27 = Z7;Y?, then
Y, Z?=(YNZ)?. (Compatibility)
6. Let (R) be (Y?),(U), or (U"). If z(R)y and y [ z, then there exists w € X
such that z(R")w and w f z. (Adjointness)
. For all z € X and U, 3!y € X such that (U)y. (Functionality for U)
. For all z € X and UT, 3!y € X such that 2(UT)y. (Functionality for UT)
. Forallz,y € X, z(U)y iff y(UN)z. (Bijectivity)
.Forall z,y € X and Y C X, z(Y?)y iff z(Y?1)y.
. For all z,y € X, there exists z € X such that  / z and z £ y. (Universal
accessibility)

— =
— O © 00

This definition is almost the same as the definition in [2] but modified slightly
to be suitable for handling in this study, and important properties derived from
existing conditions are explicitly included. These conditions represent some na-
ture of a Hilbert space [2].

From the definition of / and condition 1, [ is confirmed as a symmetric and
reflective relation.

We define a dynamic quantum model (DQM) (X, {g}ygx, {g}Ueu, V),

where (X, {Y—?>}ygx, {£>}Ueu> is a dynamic quantum frame and V' is a function
mapping each propositional variable p to a subset of X. We define the sets || A]|
on a DQM by induction on the composition of A as follows. We write z(A?)y if
Al =Y C X and z(Y?)y.

[pll = V(p)

[L]] =0

[AAB| = [|Al 0 [|B]

[-All = [|A]I°

IHA|| ={z € X| forally € X, if x L y, then y € ||A]|}
I[A?)B|| = {x € X| for all y € X, if z(A?)y, then y € || B||}
IUJA| = {x € X| for all y € X, if x(U)y, then y € || A|}
[[[r1; m2] Al = [|[m1][m2] Al

[y U o] Al = ||[ma Al O || [m2] A

[[B?T]All = [|[B?]A]l

I[UTA| = {z € X| for all y € X, if z(UT)y, then y € || 4|}
I{(; w2) Al = || [xS; 7114

I[(m1 U m)A| = [I[x] U] A
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¥ A = [|[=] Al

We say that formula A is true at x € X if x € ||A||. We say that A is false at

z € Xifx ¢ ||A|. We say that A is valid in a DQM (X, {5}y cx, { D vew, V)
if for all x € X, A is true at x. We say A is a testable formula if || A| is testable
in all DQMs. We say that a DQM is T-complete if for all testable sets Y C X
there exists A such that ||A|| = Y. In the next section, we need this concept to
be able to represent all testable sets by formulas.

Axioms and rules for dynamic quantum logic is introduced as follows [2]-[6],
based on the traditional modal logic [17] [18]. In this study, we call this system
PDQL (propositional dynamic quantum logic).

All the axioms and rules of classical dynamic logic

(Necessitation Rule): If A is provable, then infer [7]A

(Kripke Axiom): [n](A — B) — ([7]A — [n]B)

(Test Generalization): If A — [C?]B is provable for all C, then infer A — OB

(Testability Axiom): OA — [B?]A

(Partial Functionality): —[A?]B — [A?]-B

(Adequacy): AAB — (A?)B

(Repeatability): [A?]A for all testable formulas A

(Universal Accessibility): (mOOA — [7]A

(Unitary Functionality): —[U]A « [U]-A4

(Unitary Bijectivity 1): A <« [U;U1]A

(Unitary Bijectivity 2): A <« [UT;U]A

(Adjointness): A — [7]O(zT)OA

(Substitution Rule): If A is provable, then infer A[p/B]

(Compatibility Rule): For all testable formulas A, B and every propositional
variable p which does not appears in A, B, if (A?; B?)p — (B?; AT)p is
provable, then infer (A?7; B?)p — ((AA B)?)p

From the universal accessibility of a model, JLJA means that A is true at all
x € X. We require the following lemma for the next section.

Lemma 1. In any dynamic quantum frame, if x Ly, y € Y andY is testable,
then there exists z € Y such that x(Y'?)z.

Proof. From adequacy, y(Y ?)y. From the adjointness of (Y'?), there exists z € X
such that z(Y'?)z and z /£ y. From the testability of Y and repeatability, z € Y.
(|

Furthermore, we use the following abbreviations of formulas for convenience:

~A=0-4
T(A) = OO(~~ A — A)

~ represents quantum negation. In any DQM, ||A|| is testable if and only if
|A|| = || ~~ A]|. Because A —~n~ A is always true, if ~~ A — A is true at all
x € X, then || A|| is testable. Therefore, T'(A) means that A is testable.
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3 Modality for Measurement

In this section, we introduce a new modal operator that represents PVM in
special cases. We deal with a PVM consisting of all the projections onto the
eigenstates associated with a physical quantity M. In this situation, when a
physical quantity M is measured, the state is projected onto one element of
an orthonormal basis that corresponds to M in a Hilbert space. Although this
movement of a state is a fundamental concept in quantum physics, a proposition
such as “After a measurement of M, A is true” cannot be represented by the
formulas given in section 2. A projection to a closed subspace of a Hilbert space
is represented by the modal symbol [A?]. Therefore, intuitively, “After a mea-
surement of M, A is true” may be represented by [B17U Be?UB3?U...]A where
B; corresponds to an orthonormal basis of M in a Hilbert space. Intuitively,
this expression has three problems. Firstly, in the DQM, we did not introduce
the notion of an orthonormal basis. Secondly, we cannot show that B; corre-
sponds to an orthonormal basis of M because the propositional variables could
be any subset of a Hilbert space. Thirdly, if an orthonormal basis has infinite
elements, the set {Bj, By, B3, ...} will be an infinite set. However, the infinite
chain B; U By U... is not allowed.

As a solution to the first problem, we introduce a set for an orthonormal
basis in a dynamic quantum frame. P(X) denotes the power set of X. Given a

dynamic quantum frame (X, {i?—)}ygx, {y—>}U€m, we say that a set Ob C P(X)

is an orthonormal basis of (X, {Y—?>}ygx, {g}UeL{> if Ob satisfies the following
conditions. The symbol LI is the quantum disjunction Y U Z = (Y+ N Z1)*.

1. If S € Ob, then S is testable.
2. If S € Ob, and for all testable subsets Y C X, if SNY # (), then S C Y.
3. IfSe€O0bTeOband S#T, then forallz € Sandy €T, zly.
4. |] Y=X.
Y€Ob

Condition 1 represents the testability of elements of bases because the ele-
ments of an orthonormal basis are one dimensional closed subspaces of a Hilbert
space. Condition 2 represents the atomicity of a one-dimensional closed subspace
of a Hilbert space. Thereby, one-dimensional closed subspaces are minimal closed
subspaces of a Hilbert space except for (). Condition 3 means that all elements
of an orthonormal basis are mutually orthogonal. Condition 4 represents the
completeness of an orthonormal basis because quantum disjunction represents
the closed subspace spanned by the elements in a Hilbert space.

For example, consider the following dynamic quantum frame (X, {Y—?>}yg X, {£>
}ueu), which is an abstract representation of a part of two-dimensional Hilbert
space Hs.

X = {xvyvsz}'
L.
&): {(z,2), (2, ), (w,z)}.
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w, w), (z,w), (y,w)}.

For all other sets Y C X REN. {(z,2),(y,y), (2, 2), (w,w)}.
D= {(x,2), (2,9), (y,w), (w,2)}.

Br= {(z,y), (z,w), (y,2), (w, 2)}.

For all other V € U, L= {(z,2), (y,v), (2, 2), (w,w)}.

Intuitively, {z,y, z,w} corresponds to {|0), 1), (]0) +[1))/v/2, (|0) —[1))/v/2}
in Hs, Uy corresponds to /4 rotation, and Us corresponds to /2 rotation. The
following can be confirmed.

rly and zlw.
{{z},{y}} and {{z}, {w}} are orthonormal bases.

To solve the second problem, we must introduce a new subset of propositional
variables to represent an orthonormal basis. We define a set of propositional
variables for orthonormal basis Bp = {s,t,...} C {p,q,...}, where both Bp and
{p,q,...} — Bp are infinite sets. We introduce a new modal operator [J to solve
the third problem. We regard this new modal operator as quantification of [s?].
Therefore, intuitively, [1A corresponds to [s? U t? U ...]A. This property is the
same as the property of [0, namely that O is a quantification of [p?].

We say that (X, {ﬂ}yggﬁ {L}Ueu, Ob) is an extended dynamic quantum
frame if it satisfies the following conditions.

1. (X, {i}ygx, {y—>}U€u> is a dynamic quantum frame.

2. Ob is an orthonormal basis of (X, {L?%}ygx, {-U—>}U€u>.

We say that (X {Y—?>}ygx, {L}Ueu,Ob, V) is an extended dynamic quan-
tum model (EDQM) if it satisfies the following conditions.

1. (X, {ﬁ)}ygx, {L}UGLM Ob) is an extended dynamic quantum frame.

2. V is a function that assigns each propositional variable p (including s € Bp)
to a subset of X

3. For all s € Bp, V(s) € Ob.

4. For every Y € Ob, there exists s € Bp such that V(s) =Y.

We define || D Al in an EDQM as follows.
|IE Al = {z € X]| for all y € X and for all s € Bp, if z(s?)y, then y € || 4|}
The truth and validity of the formulas for an EDQM are defined in the same

way as for a DQM. From the conditions for an EDQM, every element of Ob has
some s € Bp, and each V(s) can only be Y € Ob. Therefore, if we regard Ob as
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the orthonormal basis for physical quantity M, then we can read [JA as “After
a measurement of M, (whatever the value), A is true.”

We add the following rules and axioms to PDQL and create a new logic
that we refer to as EPDQL (extended propositional dynamic quantum logic).
We have to restrict the substitution rule for validity because V(s)(s € Bp) can
only be Y € Ob.

(Test Generalization for Bp): If A — [s?]B is provable for all s, then infer
A—[B

(Testability Axiom for Bp): [HA — [s7]A

(Testability of Basis): T(s)

(Atomicity of Basis): sAAAT(A) — 0O0(s — A)

(Orthogonality of Bases): s —tV ~t

(Completeness of Orthonormal Basis): - L

(Substitution Rule for EPDQL): If A is provable and p ¢ Bp, then infer

Alp/B]

Note that because Bp is a part of {p,q,...}, axioms in PDQL that include
[p?] also apply to [s?]. We say that a rule is valid in an EDQM if it satisfies the
following. If the premise of a rule is valid in an EDQM, then the conclusion of
the rule is also valid in the EDQM.

Theorem 1. All azioms and rules of EPDQL are valid in all EDQMs.

Proof. The proofs of the validity of the generalization rule and testability axiom
are the same as usual.

T(s) is always true because of V(s) € Ob.

Suppose s A A AT(A) is true at z € X. From V(s) € Ob and the second
condition of an orthonormal basis, s — A is true at all y € X. Therefore,
O0(s — A) is true at x.

Suppose s is true at & € X. As V(s) € Ob and V() € Ob, if ¢ is not true at
x, x LV (t). Therefore, Ot is true at x.

From || Y =X, N Yt =(|] Y)" = 0. Therefore, each z € X is
YEOb Y €Ob Y EOb
related by Y to some y € Y € Ob. From condition 4 of an EDQM and from

Lemma 1, there exists z € X such that x(s?)z. Therefore, []L cannot be true at
any ¢ € X.

Suppose s A A is true at x € X. For every ¢, [t?]A is true at x because
if V(s) = V(t), [t?]A = [s?]A and s AN A — [s?]A is valid in any EDQM. If
V(s) # V(t), because z LV (t), [t?]B is true for every B. Therefore, [1A is true
at x. a

We can prove important formulas in EPDQL. For example, s A A — [HA
(Eigenstate) and (JA — [ A (Repeatability of measurement) can be proved
as follows (we give only an outline of the proof):

The proof for s A A — [HA.
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1. From the partial functionality and the adequacy, t A A — [t?]A (¢t does not
appear in A).

2. From O-t — [t7]L ([7]) and [t7]L — [t?]A, O-t A A — [t?]A.

3. From 1 and 2, (¢ vV O-t) A A — [t7]A.

4. From the orthogonality of bases and 3, s A A — [t?]A (s does not appear in
A).

5. From the test generalization for Bp and 4, s A A — [A.

The proof for A — [ A.

. sANA— A (s does not appear in A).

. From the necessitation rule, the Kripke axiom and 1, [s?]sA[s?]A — [s?]A.
. From repeatability, the testability of s and 2, [s?]A — [s7] [ A.

. [A — [s7]A.

. From 3 and 4, LA — [s?7] [ A.

. From the test generalization for Bp and 5, [JA — [ A.

SO W N

Conversely, we can make an orthonormal basis of a dynamic quantum frame
Y? U y'? U .
<X, {—)}ygx, {_>}U€Ll> from the DQM <)(7 {—>}ygx, {—)}Ueu, V> by using
these axioms. We use the definition of || 1 A|| not only in an EDQM but also in
a DQM. We can do this because Bp is simply a part of {p,q,...}.

Theorem 2 (Complete axiomatization for orthonormal basis). If all az-
ioms and rules of EPDQL are valid in a T-complete DQM (X, {Y—?>}ygx, {g
Yveu,V), then {||s|]|ls € Bp} is an orthonormal basis of (X,{Y—?>}ygx,{i>
tveu)-

Proof. For condition 1 of an orthonormal basis, the proof is straightforward from
T(s). For condition 2, the proof is straightforward from s A AAT(A) — O0O(s —
A) for every A and the T-completeness of the model. For condition 3, suppose
x € ||s]]. From s — ¢V ~ ¢, x € ||t]| or & € || ~ ¢||. If z € ||t]|, from conditions 1
and 2, [|s|| = [|t]|. If x € || ~ t||, there is no y € X such that x [ y and y € ||¢||.
Therefore, for all y € ||t||, zLy. For condition 4, from — & L, condition 1 and
the definition of || [J A||, for any = € X, there exist s € Bp and y € X such that
y € ||s|| and z(s?)y. Therefore, all z € X are related to some ||s||(s € Bp) by L.

This implies that () |/s||* = 0. Therefore, | |||s]|=( N [Is]|*)* = X. O
sEBp s€Bp

Next, we consider multiple physical quantities. A Hilbert space has many of
orthonormal bases. In general, each physical quantity corresponds to a different
orthonormal basis. In a Hilbert space, we can generate another orthonormal basis
from a given one by applying unitary transformations. Therefore, if {a1, a9, ...}
is an orthonormal basis of a Hilbert space and if U € U, then {Uay,Uas,...}
is also an orthonormal basis of the Hilbert space. We introduce this notion into
the EDQM. We define xy € X and sets Yy € X and Oby below.

If 2(U)y, then zy =y
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Yo ={r € X|Ty €Y and y(U)zx}
ObU = {YU - X‘Y < Ob}

Then, we can prove the following lemma and theorem for the EDQM in the
same way as for a Hilbert space.

Lemma 2. In any dynamic quantum frame (X, {Y—?>}ygx, {i}Ueu), for all
x,y € X, if xly, x(U)z and y(U)w, then zLw. Furthermore, if x L y, x(U)z
and y(U)w, then z J w.

Proof. For the sake of contradiction, suppose x Ly, x(U)z, y(U)w and z Y w.
Because U is adjoint, there exists v € X such that w(UT)v and v / z. However,
this contradicts w(UT)y and the unitary functionality of UT.

The proof for the case of = [ y is almost the same as the above proof. a

From this lemma, we can prove that (Y )y = Yy .

Theorem 3. IfOb is an orthonormal basis of a dynamic quantum frame (X, {L
hvex, {g}Ueu% then Oby is also an orthonormal basis of (X, {Y—?>}ygx, {L
tveu)-

Proof. For condition 1 of an orthonormal basis, for the sake of contradiction,
suppose Y is testable but Yy is not testable. Then, there exists x € X such that
z 1Yyt and ¢ Yy. From Lemma 2 and the unitary functionality of U and UT,
ry+ LYY and 2+ € Y. This is a contradiction. Therefore, for all Y € Oby, Y is
testable.

For condition 2, for the sake of contradiction, suppose Y € Oby, Z C Y,
Z #£Y, 7 # () and that Z is testable. From Lemma 2 and the above argument,
we have Y+ € Ob, Zy+ C Yyi, Zyt # Yyi, Zyt # 0, and that Zy+ is testable.
This contradicts the atomicity of the elements of Ob.

For condition 3, from Lemma 2, if Y 1 Z, then Yy 1L Zy.

For condition 4, for the sake of contradiction, suppose () Y= # (. Then,

Y €0by
there exists € X such that for all y € Y € Oby, xLy. From Lemma 2, for all
z € Z € Ob, xyy+ L z. This contradicts the completeness of Ob. a

From Theorem 3, the conditions for V(s), and unitary functionality, we can
prove that for all s € Bp, ||[UT]s|| € Oby in an EDQM. Furthermore, for all Y €
Oby, there exists t € Bp such that ||[[UT]t|| = Y. Therefore, we now introduce
new modal symbols [y for Oby. Because we have multiple symbols for unitary
evolution, we introduce as many symbols [y as there are U. We define || Hy Al
in an EDQM as follows.

| O All = {z € X| for all s € Bp, if z(([U]s)?)y, then y € || A}

We add the following axioms to EPDQL and obtain a new axiom system
that we refer to as EPDQLU (extended propositional dynamic quantum logic
with unitary transformations of bases).



12 T. Kawano.

(Test Generalization for UT(Bp)): If A — [([U']s)?]B is provable for all s,
then infer A — [y B

(Testability Axiom for UT(Bp)): GyA — [([UT]s)?]A

(Testability of Basis): T([U1]s)

(Atomicity of Basis): [Uf]s A AAT(A) — O0O([U]s — A)

(Orthogonality of Bases): [Uf]s — [Ut]tv ~ [UT]t

(Completeness of Orthonormal Basis): -y L

We define these axioms simply by changing s € Bp in the axioms of EPDQL
to [U1]s, and by changing [ to (. Note that some of these axioms are provable
in EPDQL if an axiom does not include [y

Theorem 4. All azioms and rules of EPDQLU are valid in all EDQMs.

Proof. From the property of Oby and the definition of || Oy A||, we can trace
the proof of Theorem 1. a

Theorem 5 (Complete axiomatization for orthonormal basis Oby). If
all arioms of EPDQLU are valid in a T-complete DQM <X,{£)}ygx,{£>
Yveu, V), then {||[UT]s|||s € Bp} is an orthonormal basis of (X, {Y—?>}ygx, {g
Yveu)-

Proof. We can trace the proof of Theorem 2. a

Another important notion for quantum physics is mutually unbiased basesin a
Hilbert space. Suppose a = {a1,as, ...,aq} and b = {{b1, b, ..., bs} are orthonor-
mal bases of a d-dimensional Hilbert space H. We say these two orthonormal
bases are mutually unbiased bases if |(a;,b;)|> = 1/d for all 4,5 € {1,2,...,d}
where (a,b) is the inner product of a and b. Intuitively, this concept repre-
sents that every element of the orthonormal basis equally contains the ele-
ments of the other orthonormal basis. We use this concept to describe some
physical quantities under the uncertainty principle. For example, {|0),|1)} and
{(10) + 1))/+/2, (|0) — |1))/+/2} in Hy are mutually unbiased bases. The situa-
tion is a little different because it is a concept in an infinite dimensional Hilbert
space H, but an orthonormal basis for position and an orthonormal basis for
momentum are mutually unbiased bases in H. However, in a dynamic quantum
frame, we can only determine whether states  and y are orthogonal or not. In
other words, we cannot represent the degree of non-orthogonality in a dynamic
quantum frame. Therefore, we abstract the notion of mutually unbiased bases
and define quasi-mutually unbiased bases in a dynamic quantum frame. We only
care if an element contains all elements of the other orthonormal basis or not
(that is, orthogonal or not). We say that orthonormal bases Ob and OV are quasi-

mutually unbiased bases of a dynamic quantum frame (X, {Y—?>}yg X, {g}U6U>
if Ob and Ob satisfy the following conditions.

1. Forally € Y € OV and Z € Ob, there exists z € Z such that y [ z.
2. Forally € Y € Ob and Z € OV, there exists z € Z such that y [ z.



Quantum Logic for Observation of Physical Quantities 13

We can use the following axioms for quasi-mutually unbiased bases of U.

T(A) Ay ~B A — 004
T(A)A-E-Ey A— ODA

Theorem 6. In an EDQM (X, {&}ygx, {g}er Ob, V'), if Ob and Oby are
quasi-mutually unbiased bases of (X, {Y—?>}ygx, {g}Ueu% then the axioms for
quasi-mutually unbiased bases of U are valid in (X, {}i?—)}ygx, {g}UEZ/h Ob, V).

Proof. Suppose T(A) and =y = A are true at € X. Then, there exist
y € X and s such that z([Uf]s?)y and y € || @ A||. Because ||[Uf]s| is testable,
[Ut]s is true at y by repeatability. Therefore, there exists Y € Oby such that
y € Y. From Lemma 1 and the assumption that Ob and Oby are quasi-mutually
unbiased bases, for all Z € Ob, there exist t € Bp and z € Z such that ||t|| = Z
and y(t?)z. From y € || D Al|, A is true at z. From T'(A) and atomicity, A is
true at all 2’ € Z. Therefore, A is true at all z € Z € Ob. Finally, from the
completeness of Ob and the testability of ||A||, ||A|] = X. Therefore, OOA is
true at x.

The proof for T(A)A-E-Hy A — OOA is almost the same as this proof. O

Theorem 7. In a T-complete DQM (X, {5} vex, { S veaw, V), if {|sll]s €
Bp} and {||[U]s|||s € Bp} are orthonormal bases, and if the azioms for quasi-
mutually unbiased bases of U are valid, then {||s|||s € Bp} and {||[UT]s|||s € Bp}

are quasi-mutually unbiased bases of (X, {Y—?>}ygx, {g}Uez,O.

Proof. For the sake of contradiction, suppose y € Y € {|s|/|s € Bp} but
that there is no z € |[|[U]t|| such that y f 2. From the T-completeness of
the model and the testability of U, there exists A such that | [{{||[UT]s|||s €
Bp} — ||[[UT]t]|} = ||All- Because y L||[UT]t]|, Oy A is true at y. From y € Y €
{lIsllls € Bp}, - -y A is true at y. From the nature of an orthonormal
basis, ||[UT]t]| N ||Al| = 0 and [UT]t # 0. Therefore, there exists = € X such that
x ¢ ||Al|l. This contradicts the validity of the axiom because T'(A4) and -y A
are true at y but JOA is not true at y.

The proof for the opposite direction is almost the same as this proof by using
T(A) A=y =0 A — O0A. 0

4 Conclusions and Remarks

We constructed a model for DQL with an orthonormal basis. We also introduced
new modal symbols and axioms for these symbols. These modal symbols bring a
new type of proposition to DQL, and these propositions are essential in quantum
physics.

We used a T-complete model in this study to express every testable subset
of X by formulas to establish some theorems. Another way to deal with testable
subsets is using formulas in some definitions. For example, we can change con-
dition 2 of an orthonormal basis as follows:
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If S € Ob, and for all testable sets ||Al|, if SN[ A| # 0, then S C || A].

If we use this definition, an orthonormal basis is defined for a DQM rather
than for a dynamic quantum frame. Under this definition, we do not have to
assume T-completeness because we need only deal with subsets of X that are
expressed by ||A]| for some A. However, if we use this definition, the discussion
becomes complicated in many ways. For example, as V(s) is already defined by
a DQM, we have to use complicated definitions to define the EDQM.

Based on the results of this study, if we develop many valued quantum logic,
we may be able to use mutually unbiased bases completely because many valued
quantum logic includes the notion of the degree of non-orthogonality. [25] can be
cited as one of the studies of many valued quantum logic. The degree of orthog-
onality is expressed by noting a number on the modal symbol for orthogonality.
However, to express the properties of a Hilbert space in more detail, more condi-
tions are required than the conditions introduced in [25]. Therefore, to combine
this study with the modal symbol that introduced the numerical value, a more
detailed analysis of the modal symbol with the numerical value is required.

Whether all DQMs have at least one orthonormal basis is debatable because
some DQMs might have no atomic states. If we use models that are created from
a concrete Hilbert space using the method in [2], these models obviously have
orthonormal bases.

[26] and [27] can be cited as studies that analyzed the orthogonal relation
in another way. Intuitively, in these studies, the orthogonal relation is analyzed
in a more abstract direction based on ortho logic (OL) rather than DQL. Some
conditions related to orthogonality are added to OL and its nature is analyzed.
Although the direction is slightly different from the analysis of the orthonormal
basis, it may be possible to analyze the orthogonality in more detail while main-
taining the degree of abstraction by combining it with the analysis of the model
constructed in this study.

Acknowledgements
I would like to thank the reviewers for their detailed opinions.
This work was supported by JSPS KAKENHI Grant Number JP20K19740.

References

1. Baltag, A., Smets, S.: Correlated Knowledge: an Epistemic-Logic View on Quan-
tum Entanglement. International Journal of Theoretical Physics. 49(12), 3005-3021
(2010)

2. Baltag, A., Smets, S.: The logic of quantum programs. QPL 2004. 39-56 (2004)

3. Baltag, A., Smets, S.: A Dynamic-Logical Perspective on Quantum Behavior. Stu-
dia Logica. 89, 187-—211 (2008)

4. Baltag, A., Smets, S.: Modeling correlated information change: from conditional
beliefs to quantum conditionals. Soft Computing 21(6), 1523—1535 (2017)

5. Baltag, A., Smets, S.: The Dynamic Logic of Quantum Information. Mathematical
Structures in Computer Science. 16(3), 491-525 (2006)



10.
11.
12.
13.
14.
15.
16.

17.

18.
19.

20.

21.

22.

23.
24.

25.

26.

27.

Quantum Logic for Observation of Physical Quantities 15

Baltag, A., Smets, S.: Quantum logic as a dynamic logic. Synthese. 179, 285-306
(2011)

Baltag, A., Smets, S.: The dynamic turn in quantum logic. Synthese. 186(3), 753—
773 (2012)

Beltrametti, E., Dalla Chiara M. L., Giuntini, R, Leporini, R., Sergioli, G.: A
Quantum Computational Semantics for Epistemic Logical Operators. Part I: Epis-
temic Structures. International Journal of Theoretical Physics. 53(10), 3279-3292
(2013)

Beltrametti, E., Dalla Chiara M. L., Giuntini, R, Leporini, R., Sergioli, G.: A
Quantum Computational Semantics for Epistemic Logical Operators. Part I1: Se-
mantics. International Journal of Theoretical Physics. 53(10), 3293-3307 (2013)
Birkhoff, G., Von Neumann, J.: The Logic of Quantum Mechanics. The Annals of
Mathematics. 37(4), 823-843 (1936)

Chiara, M. L. D., Giuntini, R.: Quantum Logics. Gabbay, D. M., Guenthner, F.
(ed.): Handbook Of Philosophical Logic 2nd Edition. 6 (1), 129-228 (2002)
Engesser, K., Gabbay, D., Lehmann, D.: Handbook of Quantum Logic and Quan-
tum Structures: Quantum Logic. Elsevier Science B.V., Amsterdam (2009)
Fischer, M, J., Ladner, R, E.: Propositional dynamic logic of regular programs.
Journal of Computer and System Sciences. 18(2), 194-211 (1979)

Fritz, T.: Quantum logic is undecidable. arXiv:1607.05870. (2016)

Harel, D., Kozen, D., Tiuryn, J.: Dynamic Logic. The MIT press. (2000)

Jauch, J.: Foundations of Quantum Mechanics. Addison-Wesley Publishing Com-
pany, Reading (1968)

Negri, S.: Proof Analysis in Modal Logic. Journal of Philosophical Logic. 34, 507—
544 (2005)

Negri, S.: Proof theory for modal logic. Philosophy Compass. 6(8), 523-538 (2011)
Nielsen, M, A., Isaac, L, C.; Quantum Computation and Quantum Information.
Cambridge University Press. (2000)

Nishimura, H.: Sequential Method in Quantum Logic. The Journal of Symbolic
Logic. 45(2), 339-352 (1980)

Nishimura, H.: Proof Theory for Minimal Quantum Logic I. International Journal
of Theoretical Physics. 33(1), 103-113 (1994)

Nishimura, H.: Proof Theory for Minimal Quantum Logic II. International Journal
of Theoretical Physics. 33(7), 1427-1443 (1994)

Piron, C.: Foundations of Quantum Physics. W.A. Benjamin Inc., Reading (1976)
Rdei, M.: Quantum Logic in Algebraic Approach. Fundamental Theories of
Physics. 91 (1998)

Tokuo, K.: Extended Quantum Logic. Journal of Philosophical Logic. 32, 549-563
(2003)

Zhong, S.: Correspondence between Kripke frames and projective geometries. Stu-
dia Logica 106, 167-189 (2018)

Zhong, S.: On the Modal Logic of the Non-orthogonality Relation Between Quan-
tum States. Journal of Logic, Language and Information. 27(2), 157—-173 (2018)



Cautious distributed belief

John Lindqvist, Fernando R. Veldzquez-Quesada, and Thomas Agotnes

Department of Information Science and Media Studies, Universitetet i Bergen.
{John.Lindqvist, Fernando.VelazquezQuesada, Thomas.Agotnes}@uib.no

Abstract This manuscript introduces and studies a notion of cautious
distributed belief. Different from the standard distributed belief, the cau-
tious distributed belief of a group is inconsistent only when all group
members are individually inconsistent. The paper presents basic results
about cautious distributed belief, investigates whether it inherits prop-
erties from individual belief, and compares it with standard distributed
belief. Although both notions are equivalent in the class of reflexive mod-
els, this is not the case in general. The propositional language extended
only with cautious distributed belief is strictly less expressive than the
propositional language extended only with standard distributed belief.
We, finally, identify a minimal extension of the language making the
former as expressive as the latter.

Keywords: cautious distributed belief - distributed belief - epistemic
logic - expressivity - bisimilarity

1 Introduction

Epistemic logic (EL; [12]) is a simple and yet powerful framework for representing
the knowledge of a set of agents. Semantically, it typically relies on relational
‘Kripke’ models, assigning to each agent a binary indistinguishability relation
over possible worlds (i.e., possible states of affairs). Syntactically, it uses the
agent’s indistinguishability to define her knowledge: at a world w an agent i
knows that ¢ is the case if and only if ¢ holds in all the situations that are,
for her, indistinguishable from w. Despite its simplicity, EL has become a wide-
spread tool, contributing to the formal study of complex multi-agent epistemic
phenomena in philosophy [9], computer science [6/14] and economics [A15].
One of the most attractive features of EL is that one can reason not only
about individual knowledge, but also about different forms of knowledge for
groups. A historically important example is the notion of common knowledge
[13], which is known to be crucial in social interactionsEl Another important
epistemic notion for groups, key in distributed systems, is that of distributed
knowledge [11I7I8]. Intuitively, a group has distributed knowledge of ¢ if and only
if o follows from the combination of the individual knowledge of all its members.
In EL (which, recall, uses uncertainty to define knowledge), this intuition has a

LA group has common knowledge of ¢ if and only if everybody in the group knows
©, everybody in the group knows that everybody in the group knows ¢, and so on.
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natural representation: at a world w a group G has distributed knowledge of ¢ if
and only if ¢ holds in all the situations that all the members of the group consider
indistinguishable (i.e., if and only if ¢ holds in all the situations no one in the
group can distinguish) from w. In other words, the indistinguishability relation
for the distributed knowledge of a group G corresponds to the intersection of
the indistinguishability relation of G’s members.

Since distributed knowledge is the result of combining the individual know-
ledge of different agents, one can wonder whether agents might have inconsistent
distributed knowledge (i.e., whether it is possible for a set of agents to know
1L distributively). When one works with a #ruthful notion of knowledge (se-
mantically, when all indistinguishability relations are required to be reflexive),
distributed knowledge does not have this problem: all indistinguishability rela-
tions contain the reflexive edges, and thus their intersection will never be empty.
However, when one works with weaker notions of information, counterintuitive
situations might occur. For example, if one works with a notion of beliefs (typ-
ically represented by using a serial, transitive and Euclidean relation; see, e.g.,
[12]), it is possible for all agents to be consistent (i.e., no one of them believes
contradictions), and yet their distributed beliefs might contain L.

This paper introduces and studies a notion of cautious distributed belief
(modality: D). It has the property that it does not become inconsistent in the
case of mutual inconsistency, picking instead a form of maximally consistent
combined information. The intuition behind it is that, although a group G as a
whole might be inconsistent at some world w (i.e., the set of worlds everybody
in G considers possible from w is empty), there might be consistent subgroups
among which the maximal ones become important. Considering notions of max-
imal consistency is a standard approach in non-monotonic reasoning for resolv-
ing potential conﬂicts As its name suggest, D" uses these maximally consistent
subgroups of agents in a cautious way: at a world w a group G has cautious dis-
tributed belief that ¢ if and only if every maximally consistent subgroup of G
has distributed belief that F]

The manuscript is organised as follows. recalls the definition of
a relational ‘Kripke’ model as well as that of the standard distributed belief
operator D. Then it introduces the notion of cautious distributed belief, using a
relatively simple example to compare the two notions, and presenting some basic
results about it. [Section 3|studies whether this notion of belief for groups inherits
properties from the individual beliefs of the group’s members. [Section 4]compares
the expressive power of both modalities, showing that a modal language with
only DY is strictly less expressive than a modal language with only D; it does so

? Think, e.g., about the eztensions of a theory in default logic [I6], or the mazimally
admissible (i.e., preferred) sets of arguments in abstract argumentation theory [5].
The idea has been also used within epistemic logic (e.g., by [2] in the context of
evidence-based beliefs) and also for distributed beliefs (by [I0], in the context of
explicit beliefs defined via belief bases).

3 This corresponds to the skeptical reasoner in non-monotonic reasoning. There is also
an alternative that matches the credulous reasoner, discussed briefly in
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by providing a notion of bisimulation for DY. Yet, the paper identifies what it
is that D can see but DY cannot. Finally, summarises the results and
discusses further research lines.

2 Basic definitions

Throughout this text, let A be a finite non-empty set of agents and P be a
countable non-empty set of atomic propositions. The basic propositional lan-
guage (using — and A as primitive operators) is denoted by L. (Its semantic
interpretation is as usual.) Then, Lx, . x, is the language extending £ with
the operators Xi,...,X,,. In particular, Lp is £ with the additional use of Dg
for @ # G C A, and Lpv is £ with the additional use of DY, for @ # G C A.

Definition 1 (Belief model) A belief model is a tuple M = (W, R,v) where
W is a non-empty set of possible worlds (also denoted as D(M)), R = {R, C
W x W | a€ A} assigns an arbitrary accessibility relation to each agent a € A,
and v : P — 2% is a valuation function. A pointed belief model is a pair (M, s)
with M a belief model and s € D(M) a world in it. The class of all belief
models is denoted as M. Given (W,R,v) in M, a € A and s € W, the set
Co(s) :=={s' € W | sRys'} is called o’s conjecture set at s. The generalisation
to a set of agents G C A, called G’s (combined) conjecture set at s, is defined

as Ca(s) = Ngeq Cals). <

Belief models are nothing but multi-agent Kripke (relational) models. Thus,
they allow us to represent not only the beliefs each individual agent has, but
also different belief notions for groups. As discussed in the introduction, the
focus here is the novel notion of cautious distributed beliefs (D), together with
its relationship with the well-known notion of distributed beliefs (D). For the
semantic interpretation of the first, the following definitions will be useful.

Definition 2 (Consistency and maximal consistency) Let (W, R, v) be in
M. Take sets of agents & C G' C G C A and a world s € W. The set G’ is
consistent at s if and only if Cq/(s) # @. It is maximally consistent at s w.r.t.
G (notation: G' C** G) if and only if it is consistent at s and, additionally,
every H satisfying G' C H C G is inconsistent (i.e., Cy(s) = &). Finally, the
set CL(s) := Ugrcmac e Ca (8) (the consistent (combined) conjecture set of G at
s) contains the worlds that are relevant for the mazimally consistent subgroups
of G at world s. The cautious distributed belief relation RY, C D(M) x D(M),
given by sRth ifft € C\é(s), will simplify some later work. <

Here is the semantic interpretation of the two operators, D and D", together
with the standard operator for individual belief B. We also present the semantics
of an additional constant <, which will be useful later. Languages using these

operators will be discussed in [Section 4

Definition 3 (Two types of distributed belief) Let (M, s) be a pointed be-
lief model with M = (W, R,v); take a € A and a non-empty G C A. Then,



4 J. Lindqvist et al.

M,sE B,y iff Vs €Cu(s): M,s Ep,

M,sE Dgo iff Vs €Cq(s): M,s'E o,

M, s E D% o iff VG Cr G, Vs € Car(s): M, s F
(equivalently, Vs’ such that sR%s': M, s' <p)

M, sE =g iff Ca(s)=g2.

A formula ¢ is valid in a class of belief models C (notation: C E ¢) when ¢
is true in every world of every model in C. A formula is valid (notation: E ¢)
when M E . <

Note the difference between D and D\Z;. On the one hand, D¢g ¢ holds at s
when every world in the conjecture set of G satisfies cp On the other hand, D, ¢
holds at s when every world in the conjecture set of every mazimally consistent
subgroup of G satisfies . In other words, DY, ¢ holds at s if and only if every
maximally consistent subgroup of G has distributed belief of ¢. Note also how
= simply expresses the fact that the conjecture set of G is inconsistent.

Here is an simple example showing the differences between D and DY.

Example 1 Consider the belief model M belowﬂ Note how, at w1, a believes p
to be true and q to be false (M, w1,F By p A By —q). Nevertheless, b is uncertain
about p but believes q to be true (M, w1 F (= Byp A = By —p) A Byq). Finally, ¢
believes p but is uncertain about q (i.e., M,w1,F Bep A (-~ BegA\—B.—q)).

( A

a,b,c a,b,c a,b,c

b
) CHT) o SN ) S}

Consider first the group G1 = {a,b}. On the one hand, both members of Gy are
individually consistent at wy and yet Cq, (w1) = &; thus, at wy, the mazimally
consistent subgroups are {a} and {b}. Their conjecture sets are Cq(w1) = {wa}
and Cy(w1) = {wy, w3}, and hence G1’s consistent conjecture set is C% (wy) =
{wy,wq,ws}. Thus, M,w;, E ﬂDgl pA —\DZle q. On the other hand, when we
consider standard distributed belief, we see that M,w1 F D, p A Dg, q. This is

-

4 The two definitions are equivalent. The first makes explicit the two quantification
steps; the second, given in terms of the group’s cautious distributed belief relation,
reveals that DY is in fact a normal modality.

5 In particular, individual belief operators B, can be defined in terms of D, as Diay
(abbreviated as D, ¢) holds in a world s if and only if M, s’ F ¢ for all s’ € Cy(s).

6 Note: the individual relations are serial, transitive and Euclidean. While the paper
uses the term “belief” in a rather loose way, these three properties are the ones
commonly associated to a belief operator.
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however due to the fact that Cq, (w1) = @ and we end up quantifying over an
empty set. Thus, we also get M,w; F D¢g, L.

Now ¢ joins the group, Go = {a,b,c}. On the one hand, at wy both b and
¢ are consistent (i.e., they can ‘consistently combine information’); still, a and
¢ are not. Thus, the mazimally consistent sets are {a} and {b,c}. The relevant
conjecture sets are now Co(w1) = {w2} and Cpp oy (w1) = {w1}, so CF, (w1) =
{w1,ws}. Then, M,w; E DVG2 p/\—\DVG2 q (the latter because, even though b and
¢ together believe q, agent a remains ‘a loner’ and still believes that q is false).
On the other hand, the situation with standard distributed belief remains as for
Gl.'M,wlizDGZp/\Dgzq/\DG2J_. |

Some basic results about D{. The standard notion of distributed belief, D¢,
can be inconsistent even when every agent in G is consistent. The first result here
shows that this is not the case for cautious distributed belief: it is inconsistent
if and only if all agents in G are inconsistent.

Proposition 1 For every non-empty G C A we have F Dé 1+ /\ B, L.
acG

Proof. Take any M, any s € D(M) and any non-empty G C A. (=) If M, sk
DY, L then, because no world satisfies L, either Cqi(s) = @ for all G’ C™%* @G,
or there is no G' satisfying G' C™** G. But, by definition, no G’ satisfying
G' C71® G s s.t. Ca(s) = . Hence, there is no G’ satisfying G' C** G,
which means every G' C G is s.t. Cq/(s) = @. In particular, all singletons {a}
for a € G are s.t. Co(s) = @, and thus M,s F \,co Ba L. (<) If M,s F
Nece Ba L then Cy(s) = & for every a € G. Hence, every non-empty G' C G is
s.t. Cg/(s) = @, so there is no G' satisfying G' C* G. Thus, M,sF D¢, L.

For another basic result, recall that individual belief operators (B, for a € A)
can be expressed using the distributed belief operator for singleton groups (D).
The same can be done with cautious distributed belief. For any world s and
any agent a, there is at most one maximally consistent subgroup of {a}, namely
{a} itself. Then, C,(s) = CY(s) and hence agent a’s individual belief and {a}’s
cautious distributed belief coincide.

Proposition 2 F B,p + D\fa} ®. |

Finally, an important property of standard distributed belief is coalition
monotonicity: if a group H C A has standard distributed belief that ¢, then
so does any extension G 2O H (thus, H C G C A implies F Dy ¢ — D¢ ¢).
This is not the case for cautious distributed belief. This is because the agents
that join the group might not be consistent with any of the ones that were there
before. In such cases, when consistent, they will be part of a different maxim-
ally consistent subgroup, which might not have the distributed belief ¢. This is
shown in where M, w; F D\{’b} q and yet M, w; ¥ D\{fa’b} q. Thus,

Fact 1 ¥ DY, ¢ — D% for HC G C A. |
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Frame condition Characterising formula
seriality (1): consistency:

Vse W 3t € W.sSt Op — O

reflexivity (r): truthfulness of knowledge/belief:
Vs e W.sSs Op — @

transitivity (t): positive introspection:

Vs, t,u € W.((sSt & tSu) = sSu) Op — O0p

symmetry (s): truthfulness of possible knowledge/belief:
Vs, t € W.(sSt = tSs) SO — ¢
Euclidicity (e): negative introspection:

Vs, t,u € W.((sSt & sSu) = tSu) —0p — O-0¢

Table 1: Relational properties and their well-known characterising formula.

3 Inheriting relational properties

When one studies a notion of knowledge/belief for groups, it is interesting to
find out whether it inherits the properties of the knowledge/beliefs of the indi-
viduals. For example, suppose that the individual knowledge of all agents in a
group is truthful and both positively and negatively introspective. Then, it is
well-known that, while the group’s common knowledge inherits all these prop-
erties, the group’s general knowledgeﬂ inherits only truthfulness (i.e., it might
not be positively or negatively introspective). Similar studies have been made
for notions of belief [IJ.

This section studies which properties of individual belief are inherited by cau-
tious distributed belief. The discussion is rather semantic, focussing on whether
certain frame conditions on individual indistinguishability relations are inherited
by the relation that defines cautious distributed belief (see[Footnote 4). The con-
nection between these conditions and the properties of knowledge/belief is made
thanks to the well-known correspondence between the frame conditions and the
validity of certain modal formulas [3, Chapter 3]. Using S for an arbitrary binary
relation and O (<) for its corresponding normal universal (existential) modality,
lists some of these frame conditions, together with the formulas that
characterise them (and its intuitive epistemic/doxastic reading)ﬂ

Here are, then, the needed definitions.

T A group has general knowledge of ¢ if and only if everybody in the group knows ¢.

8 More precisely, a frame (a model without the valuation) has the given relational
property if and only if the formula is valid in the frame (i.e., it is true in any world
of the model under any valuation).
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(d) Fu (e) F5

Figure 1: Counterexamples for the proof of [Proposition 3

Definition 4 (Inheriting properties) Let x € {l,r,t,s,e} be a frame condi-
tion, and let F C {l,r,t,s,e} be a collection of them. Let G C A be a non-empty
set of agents, each one of them associated to a binary relation under a given
domain W. A relation S¢ C W x W defined in terms of the individual relations
for agents in G (e.g., their union/intersection) inherits the condition z under
the additional conditions in F if and only if Sg has the property x whenever all
the relations in {R; | i € G} have all the properties in F U {x}. <

For singleton groups, all properties are preserved. This is because if G is a
singleton {a}, then the cautious distributed belief relation R\Ea} is identical to
a’s individual relation R,.

Proposition 3 Given a collection of relations {R, C W x W | a € G} for a
group G C A with at least two agents, the relation R\é CWxW

(1) inherits seriality under F = &;
(2) inherits reflexivity under F = &;
(3) (a) does not inherit transitivity under any F C {l,e};
(b) inherits transitivity under any F 2 {r} (also under any F 2D {l, s}ﬂ);
(¢) inherits transitivity under any F O {s};
(4) (a) does not inherit symmetry under any F C {t,e};
(b) does not inherit symmetry under any F C {l,e};
(¢) inherits symmetry under any F 2 {r} (also under any F D {l,t});
(5) (a) does not inherit Euclidicity under any F C {l, s};
(b) does not inherit Euclidicity under any F C {I,t};

9 Inheritance under any F C {I,s} follows immediately from inheritance under any
F C {r}, since seriality, transitivity and symmetry together imply reflexivity. The
same applies for the properties in (3)(c) and (5)(d) below.
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does not inherit Euclidicity under any F C {t, s};
inherits Euclidicity under any F 2 {r} (also under any F 2 {l,t, s}).

(1) Pick any s € W. Every relation in {R; | i € G} is serial so, since G # &,
there is a € G such that R, is serial, and a is consistent at s (Co(s) # D).
Thus, G has at least one subgroup G’ that is mazimally consistent at s (one
containing a), and hence there is t € Cqr(s) C CL(s). Then, RY, is serial.

(2) Pick any s € W. Every relation in {R; | i € G} is reflezive, so s € Cy(s) for
every a € G, and then the only mazximally consistent subgroup is G itself.
Thus, Cg(s) = CL(s) and therefore s € C%(s). Then, R, is reflexive.

(3) (a)

(b)

(4) (a)

(b)

(c)

(5) (a)

(b)

In frame Fy , relations R, and Ry are transitive, serial and
Buclidean. Still, RY , ,y = { (w1, w1), (w1, w2), (w2, wa), (wa, ws), (w3, w3)}
18 not transitive.

Pick any s,t,u € W such that SRZJ and thu. By reflezivity, G is the
only mazimally consistent subgroup at both s and t, so Cg(s) = C&(s)
and Cg(t) = CL(t). Then, sR;t and tR;u for every i € G, which by
transitivity implies sR;u for all such i. Thus, u € CZ(s) and hence
sREu. Then, R is transitive.

Pick any s, t,u € W such that sRét and tRéu. Then, there are Hy C7***
G and Hy C7* G such that t € Cy,(s) and u € Cq,(t). By individual
symmetry, s € Cp, (t) and t € Cp,(u); then, by individual transitivity,
t € Cp,(t) and t € Cp,(t). But then, H; U Hy is consistent at t and,
since Hy is mazimally consistent at t, then (Hy U Ha) C Ho, that is,
H, C Hy. Hence, the previous u € Cy,(t) implies u € Cy, (t) which,
together with t € Cy, (s) and individual transitivity implies w € Cy, ().
Finally, since Hy is mazimally consistent at s w.r.t. G, u € C’é(s), and
hence sRYu.

In frame F» , relations R, and Ry are symmetric, transit-
e and FEuclidean. Still, R\{fa,b} = {(wy,w1), (w1, ws), (we,ws)} is not
symmetric.

In frame Fj , relations R, and Ry, are symmetric, serial and
FEuclidean. Stl”, R?a,b} = {(wl,wz),(wl,wg),(wz,wg),(wg,wg)} 18 not
symmetric.

Pick any s,t € W such that sR%t. By reflexivity, G is the only mazimally
consistent subgroup at both s and t, so Cg(s) = CL(s) and Cg(t) =
Cg(t). Then, sR;t for every i € G, which by symmetry implies tR;s for
all such i. Thus, s € C&(t) and hence tRY,s. Then, RY, is symmetric.
In frame Fj , relations R, and Ry, are Euclidean, serial and
symmetric. Still, Ry, = {(w1,w2), (w1, ws), (w2, w2), (w3, w3)} is not
Euclidean.

In frame Fy , relations R, and Ry are Euclidean, serial and
transitive. Still, Ra’b} = {(wy,ws), (w1, ws), (wa, ws), (w3, ws3)} is not
Euclidean.

In frame F; , relations R, and Ry, are FEuclidean, symmetric
and transitive. Still, R?a’b} = (W x W)\ {(wa,w), (wa,ws)} is not
Euclidean.
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(d) Pick any s,t,u € W such that sR%t and sR%u. By reflexivity, G is the
only mazimally consistent subgroup at both s and t, so Cg(s) = CL(s)
and Cg(t) = CL(t). Then, sR;t and sR;u for every i € G, which by
Euclidicity implies t Riu for all such i. Thus, u € C%(t) and hence t RGu.
Then, RY, is Euclidean. |

Thus, seriality and reflexivity are each inherited without additional assump-
tions. Symmetry and Euclidicity are both inherited in the presence of reflexivity;
transitivity is inherited in the presence of reflexivity, but also in the presence
of symmetry. Thus, just as with individual belief, cautious distributed belief is
factive in reflexive models, and it is consistent in serial models. However, it does
not need to be introspective (neither positively nor negatively), even when the
model has the frame condition (transitivity and Euclidicity, respectively).

These results are quite different from the corresponding ones for the standard
notion of distributed belief. In fact, with the exception of reflexive models (in
which cautious and standard distributed belief coincide; see[Proposition 4 below),
the behaviour of cautious distributed belief is, in this respect, the opposite of
that of standard distributed belief. For the latter, transitivity, symmetry and
Euclidicity are each inherited without additional assumptions, while seriality is
is inherited only in the presence of reflexivity [I].

4 Relationship between D¢g and DY,

This section discusses the relationship between standard and cautious distributed
belief. The following definitions will be useful.

Definition 5 Let £y and Ly be two languages whose formulas can be evaluated
over pointed belief models.

e [, is at least as expressive as L1 (notation: L1 < L2) if and only if every
formula in L1 has a semantically equivalent formula in Lo: for every oy € L4
there is ag € Lo s.t., for every pointed belief model (M, s), we have M, s E ay
if and only if M, s FE OZQE

e L1 and L1 are equally expressive (notation: L1 ~ L) if and only if L1 < Lo
and Lo < L.

e L5 is strictly more expressive than L1 (notation: L1 < L) if and only if
L1 < Ly and Lo £ L[] <

The proposition below provides some connections between Dg and D(V;. First,
DY, is definable in terms of Dg and Boolean operators. Second, both notions
coincide when the indistinguishability relations are reflexive.

10 A typical strategy for proving £1 < La is to give a translation tr : £, — L2 such
that for every (M,s) we have M,s F aq iff M,s E tr(a1). The crucial cases are
those for the operators in £; that do not occur in Lo.

A typical strategy for proving £1 # La is to find two pointed models that satisfy
exactly the same formulas in £, and yet can be distinguished by a formula in £;.
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Proposition 4

(1) EDLp e N\ ((ﬁDG/L/\ AN Dul) - DG,QO).
G'CGE G'CHCG
(2) Let T be the class of all belief models whose accessibility relations are all

reflezive. Then, T F D ¢ < Dgp.

Proof.

(1) Suppose M,s E DY . By definition, this is the case if and only if every
G' T G 4s such that M, s E Dgip. But the fact that G' C7** G (i.e.,
G’ is a mazimally consistent subgroup of G at s) is equivalently stated as
M,s F =Da L AN Ngicrca DHJ_H Then, the previous is the case if and
OTlly Zf M, sE /\G’QG ((—\DglJ_ N /\G’CHQG DHJ_) — Dg/<p).

(2) Immediate, as Cg(s) = CL(s) holds for any reflezive belief model M, world
s € D(M) and group @ # G C A (see the proof of Proposition|q(2)). |

Using the first part of one can define a translation that takes

any formula in £pv and returns a semantically equivalent formula in £p. Thus,
it already establishes a connection between Lp and Lpv.

Corollary 1 Lp is at least as expressive as Lpv (in symbols: Lpv < Lp). A

A question remains: is Lpv also at least as expressive as Lp (so the languages
are equally expressive), or is Lp strictly more expressive than £pv (so there are
situations that £pv cannot tell apart, and yet they can be distinguished by £p)?

When discussing the relative expressivity of modal languages, it is useful to
have a semantic notion guaranteeing that two pointed models cannot be distin-
guished by a language. A multi-agent version of the standard notion of bisimula-
tion (see, e.g., [3 Section 2.2]) plays this role for the basic multi-agent epistemic
language. When the modality for standard distributed knowledge is added (i.e.,
for L£p), one rather requires the notion of collective bisimulation [17], which asks
for the conditions of the standard bisimulation to be fulfilled by the intersection
relation of every group. Still, the results below will show that this notion is not
the adequate one for our language Lpv.

The notion of L£pv-bisimulation defined below will be shown to be the ad-
equate one for Lpv: it implies that two pointed models cannot be distinguished
by Lpv , and it exists between any image-finite pointed models
that cannot be distinguished by the language (Proposition 6)).

Definition 6 (L£pv-Bisimulation) Let M = (W, R,v) and M’ = (W', R, v")
be two belief models. A non-empty relation Z C D(M) x D(M’) is a Lpv-
bisimulation between M and M’ if and only if Zss' implies all of the following.
Atom. For allp € P: s € v(p) if and only if s' € v'(p).
Forth. For all G C A, for all t € D(M): if there is H C7** G such that
t € Cu(s), then there are H' C*" G and t' € Cy/(s’) such that Ztt’lfl

12 Note: this relies on the fact that G is finite (because A is finite).
13 Equivalently: for all G C A, for all t € D(M), if sR%t, then 3t such that s’ R%t’
and Ztt'.
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Back. For all G C A, for all t' € D(M’): if there is H C* G such that
t' € Cp(s'), then there are H C™% G and t € C(s) such that Ztt'[[7]

Write Z : M,s £pv M’ s’ when Z is a Lpv-bisimulation between M and M’
with Zss'. Write M, s €pv M’ s when there is such a bisimulation Z. <

A Lpv-bisimulation follows the idea of a standard one. First, £ pv-bisimilar
worlds should satisfy the same atoms. Then, if one of them has a ‘relevant
successor’ t, the other should also have a ‘relevant successor’ ¢’ and, moreover,
these successors should be Lpv-bisimilar. The only difference between a Lpv-
bisimulation and others in the literature is what ‘a relevant successor’ means.
In a multi-agent standard bisimulation, a ‘relevant successor’ is any world that
can be reached through the relation R;, for some agent i € A. In a collective
bisimulation, a ‘relevant successor’ is any world that can be reached through
the intersection of the relations of the individuals in G, for some group G C A.
In the just defined L£pv bisimulation, a ‘relevant successor’ is any world that
belongs to the conjecture set of some maximally consistent subgroup of G, for
some non-empty set of agents G C AIEl As it is shown below, this definition
guarantees that every world in W that is relevant for cautious distributed belief
in (M, s) has a ‘matching’ world in W’ that is relevant for cautious distributed
belief in (M’, ") (and vice versa). (For an example of £pv-bisimilar models see

the proof of fact [2] below.)

Definition 7 (Lpv-equivalence) Two pointed models M,s and M’ s are
L pv-equivalent (notation: M, s «~pv M’ s') if and only if, for every ¢ € Lpv,

M,skE ¢ if and only if M’ s E .
When the models are clear from context, we will write simply s e~ pv §'. |

Proposition 5 (Lpv-Bisimilarity implies £pv-equivalence) Let M, s and
M’ s" be pointed belief models. Then,

M,sepv M’ s implies M,s e~spv M’ s, |

Proof. First, pull out the universal quantification over formulas hidden in «» pv,
so the statement becomes “for every formula in £pv: if two pointed models are
DV-bisimilar, then they agree on the formula’s truth-value”. Now, proceed by
structural induction on formulas in Lpv. The case for atomic propositions fol-
lows from the atom clause, and those for Boolean operators (in our case, = and
A) follow from their respective inductive hypotheses.

For formulas expressing cautious distributed belief, work by contraposition.
(=) Suppose M',s' ¥ D, . Then, there are H' C7 G and t' € Cpy(s')

14 BEquivalently: for all G C A, for all t' € D(M’), if s’ R%t’, then 3t such that sR&t
and Ztt'.

15 Note then that, while a collective bisimulation requires that a group is inconsistent
at any world bisimilar to one at which the group is inconsistent, this not the case
for a £pv-bisimulation. The models in the proof of below show this.
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such that M',t' ¥ @. But M,s £pv M',s" so, by the back clause, there are
H C" G and t € Cy(s) such that M,t 2pv M’ t'. By inductive hypothesis,
the latter implies M, t «~pv M’ ', so from the earlier M’ t' ¥ o it follows that
M, t¥ @. Thus, M, s ¥ DY, . (<) Similar, using the forth clause instead. W

A weakened version of the converse holds: if two image-finite pointed belief
models are £ pv-equivalent, then there is a £pv-bisimulation between them.

Proposition 6 (£Lpv-Equivalence implies £pv-bisimilarity) Let M, s and
M, s' be image-finite pointed belief models["’| Then,

M, s emspe M’ s implies M,sepy M, s

Proof. It will be shown that «~pv is in fact a Lpv-bisimulation. To do this,
take any s and s’ such that s «~pv s'; it will be shown that the three clauses of

[Definition 0| are satisfied.

Atom. It is clear that s and s’ satisfy the same atomic propositions.

Forth. Take any @ C G C A; suppose there are H C7** G and t € Cy(s). For
the sake of a contradiction, suppose there are no H' C** G and t' € Cy/(s')
such that t «~pv t'; in other words, suppose that every H' C7** G and
t' € Cp(s') are such that t «& pv t'. This means that if t, € C&(s') then
t «fs pv th: for every world t; € CL(s") there is 1; € Lpv such that M.t ¥
and M’ t; E ;.

Now note that C%(s") is non-empty and ﬁm'te Thus, ¢ = Vt;ecg(s/)¢i
is a non-contradictory formula (as C%(s') is non-empty) in Lpv (as C&(s")
is finite). Hence, M,t ¥ 1 and yet M’ t; E 4 for every t; € CL(s'). Since
H C™ma® G and t € Cy(s), the former implies M, s ¥ D 1; nevertheless,
the latter implies M’ s' E Dé 1. This contradicts the original assumption
s «f» pv §'. Therefore, there is some H' C7** G and some t' € Cy/(s’) such
that t e~ py t'.

Back. Analogous to the previous clause. |

We have now enough tools to answer the question above.
Fact 2 Lpv is not at least as expressive as Lp (in symbols: Lp £ Lpv ).
Proof. Consider the belief models shown below.

16 A belief model M is image-finite iff C,(s) is finite for every s € D(M) and every
a € A (equivalently, iff C¢(s) is finite for every s € D(M) and every G C A).

'7 It is non-empty because, from H C™*® G and t € C(s), it follows that t € Cy(s)
for some a € H C G, and thus M,s E DY L. But s «wpv s, s0o M’ s’ E DY L,
s0 a is consistent at s’ in M’. Then, since a is in G, there should be an H' C7}** G
with a € H'. But, once again, a is consistent, so C/(s') # @ and thus CZ(s') # @.
It is finite because the models are image-finite.
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~N

Use MC¢g(s) to denote all subgroups of G that are mazimally consistent at s.
The dashed edges define a bisimulation between M, w and M’,w'. Indeed,

o (w,w’). The atom clause is immediate. Now forth. For G = {a}, note that
MC oy (w) = {{a}} and thus C'{Va}(w) = {u}. But then MC(,(w') = {{a}}
and thus C?a} (w") = {u}}; moreover, Zuu). The case for G = {b} is analog-
ous. For G = {a,b}, note that MC(, ) (w) = {{a,b}} and thus CY_, (w) =

{a,b}
{u}. But then MCqpy(w') = {{a},{b}} and thus CY ,,(w') = {ul,ub};

{a,b}
moreover, Zuu} and Zuub. The back clause follows a similar pattern.

o (u,uy). The atom clause is immediate. Consider forth. For G = {a}, note
that MC gy (u) = {{a}} and thus C’?a}(u) = {u}. But then MC.y(u}) =
{{a}} and thus Cfa}(u’) = {u}}; moreover, Zuu|. The case for G = {b}
is analogous. For G = {a,b}, note that MCy,(u) = {{a,b}} and thus
C{Vavb}(u) = {u}. But then MCy,(uy) = {{a,b}} and thus Cfa’b}(u'l) =
{u}}; moreover, Zuuy. The back clause follows a similar pattern.

o (u,ub). As the previous case.

Thus, M, w €pv M’ w' and hence, by M, w e~ py M’ w'. How-

ever, the pointed models can be distinguished by a formula in Lp, as M,w ¥
Dygpy L and yet M',w' E Dy, 4y L. Therefore Lp & Lpv. |

Note how the belief models used above are serial, transitive and Euclidean:
the kind of models one normally uses for representing a proper notion of belief.

Corollary 2 Lp is strictly more expressive than Lpv (symbols: Lpv < Lp ). 1

Thus, Lpv can ‘see’ strictly less than what £p can. The proposition below
shows that the group inconsistency constant =g introduced before is exactly
what the former needs to ‘see’ exactly as much as the latter.

Proposition 7 Lpv o and Lp are equally expressive (symbols: Lpv ~ =~ Lp).

Proof. Clearly, F =g <> Dg L. Thus, both <g and DY, are definable in Lp (for

the latter, recall|Proposition 4)), so Lpv . < Lp.
For proving Lp <X Lpv ~, it is enough to show that Dg is definable in Lpv - :

':DggoH(Xg\/DggO).
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(=) Suppose M, s E Dg @, so every t € Cg(s) is such that M,t E . Assume
further that M, s ¥ <g. Then, MCg(s) = {G} and thus M,s F D% p. (<)
Proceed by contraposition: suppose M, s¥ D¢g ¢. Then, there is t € Cg(s) such
that M,t ¥ ¢. Thus, Cg(s) # @, so MC(s) = {G}. From the former, M, s ¥
=q; from t € Cg(s) and the latter, M, s ¥ DY, . Thus, M,s¥ =gV D& ¢. B

5 Summary and further work

This paper has introduced the notion of cautious distributed belief. While a set
of agents G has distributed belief that ¢ (D¢ ¢) if and only if ¢ is true in every
world in the conjecture set of the group, the group has cautious distributed belief
that ¢ (Dé ) if and only if ¢ is true in every world in the conjecture set of every
maximally consistent subgroup of G.

The paper has discussed basic properties of DY, showing, e.g., how it is
inconsistent if and only if all agents in the group are inconsistent. Then, the
paper has studied whether this group notion inherits properties from the indi-
vidual notions of the group’s members. It has been shown that consistency and
truthfulness (technically, seriality and reflexivity) are inherited, and that so are
both positive and negative introspection (technically, transitivity and Euclidi-
city) when the epistemic/doxastic notion is also truthful (technically, reflexive).
This is the opposite of what happens with standard distributed belief, which
inherits both positive and negative introspection (transitivity, symmetry and
Euclidicity) without additional assumptions, and inherits consistency (seriality)
only when the individual notions are truthful (reflexive). The final part of the
paper has focussed on the relationship between DVG and Dg. It has been show
that, while they coincide in reflexive models (i.e., cautions distributed know-
ledge coincides with standard distributed knowledge), in general the latter (D)
is strictly more expressive than the former (D"). This difference in expressivity
has been proved by providing a notion of structural equivalence that, within
image-finite models, characterises modal equivalence w.r.t to Lpv (a language
extending the propositional one with DY). Finally, the paper has identified the
‘missing piece’ that makes a language with D" as expressive as one with D.

Among the questions that still need answer, the main ones are an axiom
system for the language Lpv and a study of its complexity profile. Among the
further research lines, the idea of dealing with potential group inconsistencies by
looking at maximally consistent subgroups leads to another interesting alternat-
ive: a group has bold distributed belief that ¢ (say, D2 ) if and only if ¢ is true
in every world in the conjecture set of some maximally consistent subgroup of G.
The quantification pattern of this alternative notion (3V) suggest that, different
from DY, the bold distributed belief operator is not a normal modal operator.
Thus, further technical tools will be needed for studying its profile.
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Abstract. We extend epistemic stit theory with a modality I,¢, meant
to express that at some moment agent o had a present-directed intention
toward the realization of . The semantics is based on the extension of
stit frames with special topologies associated to agents. The open sets
of the associated topology are interpreted as present-directed intentions,
that support whether an agent had an intention of realizing a specific
state of affairs when it chose one of its available actions and executed it.
As an important application, we use I, to formalize intentional action
and intentional responsibility. We present an axiom system for our logic
of intentionality, and prove that it is sound and complete.

Keywords: Stit Logic - Logic of Action - Logic of Intention

1 Introduction

Suppose that you are a lawyer. You are part of the prosecution in a trial where the
defendant is being accused of murder. The case is as follows: while driving, the
defendant ran over and killed a traffic officer who was standing at a crossing walk.
At the trial, the defense is seeking for a charge of only involuntary manslaughter,
while you and the prosecution contend that it was either second- or first-degree
murder. This means that the verdict revolves around the intentionality of the
defendant. If the prosecuting team—to which you belong—is able to provide
sufficient evidence for claiming that the defendant had an intention to kill the
traffic officer, then the verdict would be either of second- or first-degree murder—
according to whether the murder was either planned or unplanned. If the defense
shows that the evidence does not support that there was an intention to kill—as
would be the case if, for instance, the defendant was drunk while driving and
had no real motive for killing the traffic officer—then the verdict would be of
only manslaughter.

This example shows that, at least in criminal law, intentionality is of the
utmost importance. For many reasons, this importance has carried over to phi-
losophy, giving rise to a complex field of research. In the opening lines of Stanford
Encyclopedia of Philosophy’s current entry for intention, [28] writes:

Philosophical perplexity about intention begins with its appearance in
three guises: intention for the future, as when we intend to complete
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this entry by the end of the month; the intention with which someone
acts, as [ am typing with the further intention of writing an introductory
sentence; and intentional action, as in the fact that I am typing these
words intentionally.

Across the philosophical literature, it is well-known that modelling inten-
tionality is difficult, that it leads to many interesting discussions, and that no
camp has the last word on what the best framework for analyzing the concept
is. However, most authors agree with the quote above, and thus identify three
main forms of intentionality:

1. Future-directed intentions: following the interpretation of [7] and [8], future-
directed intentions are elements in plans that agents make. In the quote
above, when the author mentions that he intends to complete his entry by
the end of the month, the word intends refers to future-directed intentions.
The literature also acknowledges the existence of so-called present-directed
intentions, referring to mental states that regard what agents intend to do
now.

2. Intentional action: following [I0], who offered a precise account of claims
advanced by [3], intentional action is a mode of acting. In the quote above,
when the author mentions that he types words while writing his entry, and
that he is doing so intentionally, he is referring to the intentional action of
hitting the keys in the keyboard.

3. Intention-with-which: following [I4], intention-with-which is a description of
the primary reason that an agent has for acting in a specific way. In the
quote above, when the author mentions that he types words toward the goal
of writing an introductory sentence, then writing an introductory sentence
is the intention-with-which he types.

The main problem in philosophy of intention, then, has been to find unity in
these three senses of intentionality. According to [28], such an endeavor matters
for questions in philosophy of mind, but also for ethics, for epistemology, and
for the nature of practical reason. Intuitively speaking, neither of these three
“guises” of intentionality is the same as another, but they are all closely related.

To address the challenge of incorporating intentions—seen either as mental
states or as modes of acting—into the stit-theoretic conception of agency, we
use present-directed intentions. The idea is to associate a special topology to
each agent. In any such associated topology, all the open sets are denseﬂ and
they represent the agent’s present-directed intentions—written “p-d intentions,”
from here on—at the moment of acting. Thus, if an open set U in the topology
associated to a supports ¢ (U C ¢), then U is a p-d intention of a toward
the realization of ¢. Roughly speaking, the proposal for the semantics of the
modality I,¢, then, is as follows: I, holds at an index iff at such an index «

3 An open set is dense in a topology iff it is consistent with all the other non-empty
open sets of the topology (see Deﬁnition.
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p-d intended . For all practical purposes, then, the conjunction [a]p A I, [a]e
is meant to evoke that « has intentionally seen to it that <pE|

Instead of spinning around the concepts informally, let us dive into the formal
definitions for our notion of intentionality.

2 A Semantics of Intentionality

We start by reminding the reader of some basic definitions from General Topol-
ogy. For any other basic definitions that we might be taking for granted, the
reader is referred to [30] or [I7] as proper background textbooks.

Definition 1 (Topological spaces). Let X be a set. 7 C 2% is called a topol-
ogy on X if it meets the following requirements: (a) X,0 € 7; (b)closure under
finite intersections: if U,V € 7, then U NV € 7; (c) closure under arbitrary
unions: for a family G C 7, |JG € 7.

A topological space, then, is a pair (X,7), where X is a set and T is a
topology on X. The elements of T are called open sets. Complements of open
sets are called closed sets. For A C X, the interior of A is defined as the C-largest
open set included in A, and will be denoted by int A. The closure of A is defined
as the C-least closed set including A, and will be denoted by CIl(A). Standard
result in General Topology are that (a) for x € X and A C X, z € int A iff
there exists an open set U such that x € U C A; and (b) x € CI(A) iff every
open set U such that x € U intersects A (UNA#Q).

Definition 2 (Density). For a topological space (X,7) and A C X, A is said
to be T-dense in X iff Cl(A) = X, or, equivalently, if for every non-empty open
setOeT, ONA#0D.

With these basic definitions, let us introduce a logic that we call intentional
epistemic stit theory.

Definition 3 (Syntax of intentional epistemic stit theory). Given a finite
set Ags of agent names and a countable set of propositions P, the grammar for
the formal language L; is given by

p:=p|-¢ ey |[DOp|afe| Kap| lap.
where p € P and a € Ags.

Ly is meant to express the historical necessity of . QO abbreviates —[—¢,
and it encodes the historical possibility of ¢. [a]¢ stands for ‘agent o has seen
to it that ¢.” K, stands for ‘agent o knew ¢,” and I, expresses that ‘a had

4 Of course, this reading of the modality I,¢ and of the conjunction [a]¢ A Ia[a]e
positions our proposal as belonging to a particular philosophical standpoint on the
relation between intentions and intentional action—in the context of the discussion,
on the trends in philosophy of intention, at the beginning of the present section. We
address the details of such a standpoint in Subsection@
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a p-d intention toward the realization of ¢’, or that ‘a p-d intended ¢,” or that
‘a p-d intended that ¢ would hold.’

As for the semantics, the structures on which the formulas of £, are evaluated
are based on what we call intentional epistemic branching-time frames.

Definition 4 (Iebt-frames & models).
A tuple <M,|:,Ags,Choice, {~a}

temic branching-time frame (iebt-frame for short) iff

acAgs 77'> is called an intentional epis-

— M is a non-empty set of moments and C is a strict partial ordering on M
satisfying no backward branching: for m, m’,m” € M such that m’ © m and
m/ © m, either m’ =m” orm’ & m” orm” C m’. Each mazimal C-chain
is called a history. The set of all histories is denoted by H. For m € M,
H,, :={h € H;m € h}. Tuples (m,h) such thatm € M, h € H, and m € h,
are called indices, and the set of indices is denoted by I(M x H).

— Choice is a function that maps each agent o and moment m to a partition
Choice]' of H,,, where the cells of such a partition represent o’s available
choices of action at m. For m € M and h € H,,, Choice](h) denotes
the cell of the partition Choice that includes h. This cell represents the
choice of action that o has performed at index (m,h), and I refer to it as
a’s current choice of action at (m, h). Choice satisfies two conditions:

e (NC) No choice between undivided histories: for « € Ags and h,h' € Hy,,
if m" € hnh' for some m" 3 m, then h € L iff ' € L for every
L € Choice]).

e (IA) Independence of agency: a function s on Ags is called a selection
function at m if it assigns to each a a member of Choice.'. If Select™
denotes the set of all selection functions at m, then, form € M and s €
Select™, (,ca,s 5(a) # 0. This condition establishes that concurrent
actions by distinct agents must be independent: the choices of action of
a given agent cannot affect the choices available to another (see [6] and
[20] for a discussion of this property).

— For a € Ags, ~ is an equivalence relation on the set of indices, meant
to express the epistemic indistinguishability relation for a, that satisfies the
following conditions:

e (0AC) Own action condition: for index (m, h), (m, h) ~q {(m, k') for every
R’ € Choicey; (h).

e (Unif —H) Uniformity of historical possibility: if (m,h) ~o (m',h'),
then, for h. € Hy,, there exists h), € Hy, such that (m, hy) ~q (M’ hL).

For a € Ags, two notions of a’s information set at (m,h) are defined: the
set 3 [(m, h)] == {(m/, W) ; 30" € Hpps.t.(m, h) ~q (m/,h")} is a’s ex ante
information set; and the set mw, [(m, h)] == {{(m/, W) ;{(m,h) ~o (M/ W)} is
a’s ex interim nformation set.

— T is a function that assigns to each o € Ags and index (m,h) a topology
7™M on 7 [(m, h)]. This is the topology of o’s intentionality at (m,h),
where each open set is interpreted as a p-d intention of o at (m,h). T must
satisfy the following conditions:
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e (CI) Consistency of intention: for every non-empty U,V € To<¢m7h>, Un

V # 0. In other words, every non-empty U is Tém7h>—d6’n5€.
e (KI) Knowledge of intention: for o € Ags and index (m, h), if 7 [(m, h)] =

7 [(m!, )], then rimh) — Tém'7h'>'

An iebt-model M, then, results from adding a valuation function V to an
iebt-frame, where V : P — 2IM>XH) gssigns to each atomic proposition a set of
indices.

Definition 5 (Evaluation rules for intentionality). Let M be an iebt-
model. The semantics on M for the formulas of L; are recursively defined as
follows:

Sm,h) Ep iff (m,h) €V(p)

,(m,h)}:—mp iff Ma<mah>l7é90

SAm,h)y E e AV dff M, (m,h) ¢ and M, (m,h) = ¢
(m,h) EQy  iff for M € Hp, M,{m,h') |E ¢

(m, h)

(m, h)

=

-

= lalp iff for ' € Choice! k), M, (m, ) |=

E Kap iff for (m/ 1) s.t. ( Jh) ~o (m/ R),
M, (! 1) |= ¢

Jm,h) =1ap  iff there exists U € T, {mh) st U C llell,

where ||| denotes the set {(m,h) € I(M x H); M, {m,h) = ¢}.

Therefore, one says that at index (m,h) « p-d intended ¢ iff there exists

U e ™" that supports . Following [2], we will say that at (m,h) « had
ex ante knowledge of ¢ iff M, (m,h) | OKy,p—that is, iff at (m,h) it was
historically settled that the agent knew (.
Discussion

The reader might be curious as to why we chose a topological semantics.
There are two main reasons:

1. Inspired by [2I]’s and [I5l Chapter 5]’s ideas behind using neighborhood
semantics for formalizing intentionality, we opted to represent intentions
as special subsets of indices in bt—models However, unlike these two ap-
proaches, we do not agree with the idea that p-d intentions should not be
closed under logical consequence—in the case of logically omniscient agents.
Thus, we started considering the idea of topologies of intentions, and we
found out that we could use topological notions like open, closed, and dense
sets to qualitatively describe a relation between p-d intentions and inten-
tional action—in terms of measurement, closeness, and consistency. In our
formalism, p-d intentions are “close” to both actual and intentional action,
in the sense that any p-d intention supporting an agent’s action—something

5 As pointed out by [27] in his lecture notes for a course on neighborhood semantics,
g
“[s]ets paired with a distinguished collections of subsets are ubiquitous in many areas
of mathematics.”
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that will be necessary for intentional action—must be consistent with all
other p-d intentions at the moment of acting. This is the reason behind the
requirement that each open set is dense.

2. Topological semantics generalize standard relational semantics, and, in the
words of [26, Chapter 1, p. 2], “topological spaces are equipped with well-
studied basic operators such as the interior and closure operators which,
alone or in combination with each other, succinctly interpret different modal-
ities, giving a better understanding of their axiomatic properties.”

It is important to emphasize that, for « € Ags and index (m, h), the topology
T(im’m is a topology on a’s ex ante information set. This implies that our seman-
tics satisfy what we call the knowledge-to-intention property and the knowledge-

of-intention property:

— Knowledge-to-intention property: all p-d intentions are included in an agent’s
ez ante information set. To clarify, this property is reflected by the validity of
the formula OK,¢ — I,¢. [10] stated that intentions should concern states
of affairs that an agent considers to be epistemically possible. In other words,
an agent would be irrational in intending a state of affairs that the agent
itself has ruled out, knowing that it is impossible for such a state of affairs
to happen. We agree with this claim: an agent cannot but intend everything
already known to be settled, because it would be irrational to do otherwise[f]

— Knowledge-of-intention property: at an index an agent a always knew ex
ante its p-d intentions. To clarify, this property is reflected by the fact that
the formulas I, — OKylnp and -l — OK,—1,¢ are valid. This is a
desirable property in virtue of a relatively usual assumption of positive and
negative introspection of one’s own intentionality. According to [23], who
formalize the relation between intentions and beliefs, agents have positive
and negative introspection of their intentions with respect to their beliefs (see
also [I9] and [T6]). This means that formulas corresponding to I, — Boln@
and —I,p — B,—1,p are valid in their logics. [I0] supported this claim, and
takes it further so as to include positive and negative introspection of one’s
intentions with respect to ex ante knowledge, just as we do here.

In order to illustrate our semantics of intentionality, let us use iebt-models
to present a formal analysis of a simple example.

Ezample 1. Recall the situation described at the beginning of this section, where
you are a lawyer in the prosecution of a driver that ran over—and killed—a traffic
officer. Consider the iebt-model M depicted in Figure [T}

Here, Ags = {driver}, and m; is a moment. There are two histories (hy
and ho) passing through m;. At m; the choices of action available to driver
are the following: R, standing for the choice of running over the traffic officer,

5 Observe that a’s ex ante knowledge, at a given index, is itself a p-d intention of «,
as witnessed by the fact that, since Tlim’m is a topology on a’s ex ante information
set, such an information set must be an element of the topology.
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Fig. 1: Driver example

and Ry, standing for the choice of stopping the car. According to the choice
performed, time moves on either into history hy or into history ho. As implied
by the statement of the example, h; is the actual history.

Here, driver is assumed to distinguish (mj, hq) from (mq, hs). Thus, at ev-
ery index based on m; driver knew her choice of action. Moreover, driver’s ex
ante information set at the actual index (my, h1), denoted by 5.  [(mq,h1)],

is the set {(my,h1), (m1,he)}, which coincides with 75,  [(m1,hs)]. As for

driver’s intentionality, consider the topology Tfl:';;;ﬁl). Since deriver [(mq, h1)] =

T3 sver (M1, ha)], frame condition (KI) implies that T;Z;éﬁﬁ = Té:z;éﬁﬁ. The non-

empty open sets of such a topology, then, are represented using circles and ellipses
in the diagram. More precisely, 7."2"1) = {0, 75 s0er [ma, h1)], {(ma, h1)} .

Tdriver

Let k stand for the atomic proposition ‘the traffic officer has been killed.’
According to Definition |5} this atomic proposition and the formulas that are
recursively built with it can be taken as true or false depending on the index
of evaluation. For instance, M, (m1, h1) = Kapiver[driver]k: at the actual indez,
driver knowingly killed the traffic officer. As for formulas involving driver’s in-
tentionality, let U denote the set {{(mj,h1)}. Then U € Téml’h” and U C ||k||.

Thus, according to Definition 5, M, (m1,h1) = Ilgriverk: at the actual index
driver had a p-d intention—or p-d intended—that the traffic officer was killed.
The same U attests to the fact that M, (mq, h1) E Tgriver[driver]k: at the actual
index driver had a p-d intention to see to it that the traffic officer was killed. As
such, for all practical purposes, the driver knowingly and intentionally killed the
officer—which makes it reasonable for her to be blamed of second- or first-degree

murder.
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3 Logic-based Properties & Axiomatization

3.1 Properties

Let us review some properties of the logic that we have referred to as intentional
epistemic stit theory, in terms of formulas that are either valid or invalid with
respect to iebt-models. The logic-based properties of the modalities y and
[a]¢ are the same in traditional stit theory. The properties of knowledge and its
interplay with agency are the same as the ones addressed in [I]: K, is an S5
operator such that the formulas associated to frame conditions (0AC)—K,p —
[a]p—and (Unif — H)—OKy,p — K,Op—are valid.

As for operator I,, it turns out to be a KIDD45 operator. The validity of the
KD45 schemata has the following consequences for our notion of intentionality,
then:

— The validity of (K) implies that if at an index an agent p-d intended ¢ then
the agent p-d intended all the logical consequences of . This property im-
plies that our notion of intentionality is vulnerable to a particular version of
the so-called side-effect problem (see [8], [12], and [I0]). We do not agree with
the claim that intention should not be closed under logical consequence. The
reason is that we deal with idealized thinkers, who are logically omniscient
and know, resp. believe, all the logical consequences of what they know,
resp. believe. For idealized thinkers of this kind, then, we find it reasonable
to assume that they will intend the logical consequences of whatever they
intend.

— The validity of (D) (Io¢ — —I,—) implies that if at an index an agent p-d
intended ¢ then at that index the agent must not have p-d intended —¢.
Most of the authors whose formalization of intention has been discussed in
this section (|19, [12I23], [10], and [8]) support the idea that, at a specific
point in time, future-directed intentions, p-d intentions, intentional actions,
and intentions-with-which should be respectively consistent, and we agree
with them.

— The validity of (4) (I — IoIl.¢) implies that if an agent p-d intended ¢
then at that index the agent p-d intended to p-d intend . Although this
property is endorsed neither by [12] nor by [19], nor by [23], for instance,
we consider it characteristic of p-d intentions, just as [9]: the knowledge-
of-intention property implies that at an index an agent’s p-d intentions are
known ez ante, so that the knowledge-to-intention property implies that the
agent cannot but have p-d intended to have those p-d intentions at that
index.

— The validity of (5) (=lop — Io—I4p) implies that if at an index an agent did
not p-d intend ¢ then at that index the agent p-d intended to not p-d intend
. Just as with the above property, out of all the works reviewed in this
section, only [9] supports this property, as do we: the knowledge-of-intention
property implies that at an index an agent’s lack of a p-d intention toward
the realization of ¢ is known ez ante, so that the knowledge-to-intention
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property implies that the agent cannot but have p-d intended to not have
had such a p-d intention at that index.

Furthermore, the validity, resp. invalidity, of the following formulas, with
respect to the class of iebt-models, captures important properties of the interplay
between the modalities of intentional epistemic stit theory:

1. (a)

K I,o — I, [a]e: it is not necessarily true that if at an index an agent p-
d intended @, then at that index the agent p-d intended to see to it that .
This property refers to a distinction between intending that ¢ is the case
and intending to be the material author of ¢, on the other. For instance,
suppose that I am a dictator displaying psychopathic traits. I have an
intention toward the bombing of a neighboring country, but I do not
intend for me to actually press any button deploying a bomb. Although
some authors claim that the most primal notion of intending always
refers to “intending to do” (see, for instance, [29] and [25]), we support the
idea—consistent with [7]’s seminal thesis that future-directed intentions
are elements in complex plans—that an agent can intend the realization
of some state of affairs without intending to be the one realizing itﬂ Once
again, a good example of this lies in “mastermind” agents that delegate
actions to subordinates. The distinction between intending that ¢ is the
case, on the one hand, and intending to actually see to it that ¢, on
the other, is all the more relevant in responsibility attribution: although
my subordinate pilots were the ones deploying the bombs, it is me who
should stand trial in The Hague. To illustrate this property, consider a
variation of Example [ Suppose that driver did not want to run over
the traffic officer herself, but, still, she had a p-d intention that the traffic
officer would get killed. A diagram of this situation is included in Figure
Observe that 7070 = {0,707 ., [(m1, hs)], {(m1, ha)}}. Let U =
{(my,h3)}. Then U C ||k||. This means that M, (m1,h3) E Liriverk-
However, there does not exist an open set included in ||[driver]k||, which
means that M, (mq, hs) |E —Tgriver[driver]k.

K Iy [a)e — [a]e A Ii[a]p: it is not necessarily true that if at an index
an agent p-d intended to see to it that o, then at that index the agent has
intentionally seen to it that ¢. This property is related to the common
assumption—following the ideas presented by [I3]—that intending does
not lead to intentionally doing. For instance, recall that I could have
intended to start my car and still not have taken any action toward
starting it. Therefore, this property is desirable for our interpretation of
the conjunction [a]pAl, [a]p—according to which [a]pAl,[a]e expresses
that o has intentionally seen to it that (. To illustrate this property,

" |15, Chapter 4, p. 163] explicitly states that there is a distinction between intending
and intending to do. He writes: “[t]here are two different types of future-directed
intentions: I can intend to perform a certain action, or I can intend to realize a
certain state of affairs.”
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Fig.2: Another driver example

consider Example[l} here, M, (m1, ho) {= Io[driver]k and M, (my, ho) =
—[driver|k: at (mq, hs) driver p-d intended to kill the traffic officer, but
at such an index driver did not intentionally kill the traffic officer.

(¢) E L.a)e = Iae: if at an index an agent p-d intended to see to it that
@, then at that index the agent p-d intended . Since we interpret the
conjunction [a]y A I, [a]p as a intentionally doing ¢, then this property
implies that intentional action implies intending in our framework. Thus,
our notion of intentionality falls under a philosophical standpoint that [7]
called the Simple View. The Simple View considers that, for an agent
to intentionally do ¢, the agent must also intend that ¢ is the case.
Although [7] heavily objected to the Simple View, we find it appropriate
for agents that are idealized thinkers. The validity of this formula follows
from the validity of schema (T') for [«], Necessitation for I,, and the
validity of schema (K) for I,.

(d) F [a]e — Iap: it is not necessarily true that if at an indexr an agent
has seen to it that ¢, then at that index the agent p-d intended . This
property, as well as its consequences in the present framework, reflects
the desirable tenets that (i) not all actions follow a specific p-d intention,
and that (ii) not all actions are intentional.

2. (a) &£ Kop — I,p: it is not necessarily true that if at an index an agent
knew ¢, then at that index the agent p-d intended . In light of the
validity of the formulas associated to frame condition (0AC), K, is
logically equivalent to K, [a]p. To know ¢, then, is to knowingly do .
Therefore, this property—which can be reformulated as &= K,[a]y —
I, p—reflects the desirable tenet that knowingly doing ¢ does not imply
intending ¢. An example of this situation is when someone else forced
your hand. For instance, consider yet another variation of Example
Suppose, once again, that driver did not want to run over the traffic
officer herself. By previously threatening to injure your family if you
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refused to follow her instructions, driver forced you into taking your car
and running over the traffic officer.

(b) F [a]p A Iu[a]e — K la]e: it is not necessarily true that if at an index
an agent has seen to it that ¢ and the agent p-d intended to see to it
that @, then at that index the agent has knowingly seen to it that .
This property entails that our framework allows us to model situations
where an agent intentionally does ¢ without knowingly doing ¢. A good
example of the viability of such situations is when somebody intends to
win a fair coin-flip and wins it by choosing heads—they could not have
known that heads would make them win, but they still intentionally won.

(¢) E OKsp — Ine: if at an index an agent knew ¢ ex ante, then at that
index the agent p-d intended ¢. The validity of K, ,p — I, reflects
what we called the knowledge-to-intention property in the discussion
right after Definition [5}

3. (a) E Inp — OKylyp: if at an index an agent p-d intended ¢, then at
that index the agent knew ex ante that it p-d intended ¢. Together with
the formula in item [3D] below, the validity of I,¢ — OK,I,¢ reflects
what we called the knowledge-of-intention property in the discussion
right after Definition [5] concerning the fact that at an index an agent
must have known ex ante its p-d intentions. Now, such a property is
connected to frame condition (KI) in Definition [4 Indeed, the formula
I, — OK,I,p defines (KI), such that an iebt-frame including 7 that
potentially violates (KI) satisfies (KI) iff I, — OK,I, is valid with
respect to said frame. A proof of validity of the formula is straightfor-
ward.

(b) E —Iap — OKy—Ia: if at an index an agent did not p-d intend o,
then at that index the agent knew ex ante that it did not p-d intend .
In the proof system for intentional epistemic stit theory presented in
Subsection this formula can be derived using the one in item
above, so it is also valid.

Recall that at the introduction we mentioned that one of the main problems
in philosophy of intention is the quest for unity in the three forms of intentional-
ity (future-directed intentions, intentional action, and intention-with-which). The
validity of the KDD45 schemata for I, then, coupled with the logic-based prop-
erties in item [[]above, somewhat settle where our interpretation of intentionality
stands with respect to this problem. To clarify, first observe that we prioritize
p-d intentions—which lie in the same category as future-directed intentions—
and base on them both intentional action and intention-with-which. On the one
hand, our framework’s view on the relation between p-d intentions and inten-
tional action is as follows: since we identify a’s intentionally doing ¢ with the
conjunction [a]p A I,[a]p, then, for an action to count as intentional, an agent
must have had a p-d intention of performing that action. In other words, at
an index « has intentionally seen to it that ¢ only if a p-d intended to see to
it that p—that is, only if I,[a]¢ holds. Therefore, the validity of the formula
I [ — T4 (item [Ld) implies that, for « to intentionally do ¢, o must have
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p-d intended that ¢ would be the case. As mentioned before, this means that
our treatment of intentionality falls under what [7] referred to as the Simple
View. On the other hand, our framework’s view on the relation between p-d
intentions and intention-with-which is as follows: the validity of OK o — I,p
(item [2d), together with the validity of schema (K) for I, implies that the for-
mula (OK,(p — ¥) A Inp) — I, is valid. Therefore, if at an index a both
knew ez ante that [a]p — ¢ and has intentionally seen to it that ¢, then the
realization of 1 is an intention-with-which « has seen to it that ¢—the formula
(OK.([o]e = ¥) A ([a]e A Lu]ale)) — Iat is valid.

3.2 Axiomatization
In this subsection we introduce a proof systems for our logic:

Definition 6 (Proof system for intentional epistemic stit theory). Let
Ay be the proof system defined by the following axioms and rules of inference:

— (Axioms) All classical tautologies from propositional logic; the S5 schemata
for O, [a], and K,; the KD schemata for I,; and the following schemata
for the interactions between modalities:

e — [a]e (SET)
Forn > 1 and pairwise different aq, ..., ay,

Mrcren O0iles = 0 (Arpenloides) — (14)

Ko — lap (0AC)
OK&QO—)KaOQO (Umf—H)
OKyp — Inp (InN)

T — OK Ly (KI)

— (Rules of inference) Modus Ponens, Substitution, and Necessitation for all
modal operators.

Schemata (SET) and (I A) are standard in basic stit theory. Schema (OAC),
resp. (Unif — H), characterizes syntactically frame condition (0AC), resp. frame
condition (Unif — H). Schema (InN)—where ‘InN’ stands for intentional neces-
sity—characterizes syntactically what I called the knowledge-to-intention prop-
erty. Schema (K I)—where ‘KI’ stands for knowledge of intention—characterizes
syntactically the knowledge-of-intention property, as well as frame condition (KI).

Remark 1. Schemata (4) and (5) for I, as well as schema (x)—I,p — OK,—Inp
and schema (Den) OI,p — K, (I, )p, are important A;-theorems.

As for metalogic properties of intentional epistemic stit theory, the results of
soundness and completeness for A; are stated in the following theorem, whose
proof is relegated to Appendix [A}

Theorem 1. The proof system Aj is sound and complete with respect to the
class of iebt-models.
O
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The proof of Theorem[I]is the main technical contribution of this chapter. As
for soundness, the proof is standard. As for completeness, the proof is a two-step
process. First, we introduce a Kripke semantics for the logic—entirely based on
relations on sets of possible worlds. In such a semantics, the formulas of £ are
evaluated on Kripke-ies-models (Deﬁnition@. We prove completeness of Ay with
respect to the class of these structures, via the well-known technique of canonical
models. Secondly, we provide a truth-preserving correspondence between Kripke-
ies-models and a sub-class of iebt-models. Thus, completeness with respect to
Kripke-ies-models yields completeness with respect to iebt-models. The second
step implies associating a topological model to a Kripke model, such that both
satisfy the same formulas at same indices. This is done via so-called Alezandrov
spaces (Definition [7)), with a technique inspired by [26] (see also [4] and [5]).

4 Conclusion

We want to conclude this work with a brief exploration of an important topic for
future work: using our theory of intentionality in the formalization of responsi-
bility attribution.

As first argued by [1I] and afterwards by [I5], one can classify the broad
notion of responsibility in three categories: (1) causal responsibility, (2) infor-
mational responsibility, and (3) motivational responsibility. When talking causal
responsibility, one wants to provide answers to the question “who is the material
author of a given circumstance?”’ Informational responsibility concerns the ques-
tion “did the author of a given circumstance behave consciously while performing
the action that brought on such a circumstance?” Motivational responsibility, in
turn, concerns the question “did the author of a given circumstance behave in-
tentionally while performing the action that brought on such a circumstance?”

Observe, then, that we can model these three categories using intentional
epistemic stit theory. In the spirit of [24], consider the following characterizations:

— Causal Responsibility: characterized by the formula [a]p A O—[a]e, so that
agent o was causally responsible for bringing about ¢ iff a saw to it that ¢
and it was possible for « to not see to it that ¢,

— Informational Responsibility: characterized by the formula K, [a]pA K, O,
so that a was informationally responsible for bringing about ¢ iff o know-
ingly saw to it that ¢ and a knew that it was possible to refrain from seeing
to it that ¢.

— Motivational Responsibility: characterized by the formula I,[a]e A K, O,
so that a was motivationally responsible for bringing about ¢ iff a intention-
ally saw to it that ¢ and o knew that it was possible to refrain from seeing
to it that .

Now, [I1]’s initial motivation for categorizing the notion of responsibility was
mens rea. As it turns out, our logic can also be used to formalize the modes of
mens rea.
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Suppose that ¢ stands for an illegal outcome, or a criminal offense. Thus,
one can characterize the mens rea mode purposefully, for criminal agent o, with
the formula (K, [a]p A Iy[a]e). This formula holds at (m,h) iff at this index
« was causally, informationally, and motivationally responsible for ¢ at (m, h).
Similarly, one can characterize the mens rea mode knowingly with the formula
Ky[a]e A Ii]a]e. This formula holds at (m, k) iff at this index « was causally
responsible, but not motivationally responsible, for ¢ at the index. As for the
mens rea mode recklessly, one can characterize it with the formula ([a]0 — ¢) A
[a]ONK O ([]0 — ¢). This formula holds at (m, h) iff at this index (a) « causally
brought about 6 such that ¢ is a logical consequence of a’s seeing to it that 6,
and (b) o knew that it was possible that its bringing about 6 could have implied
. As for the mens rea mode negligently, one can characterize it with the formula
([a]f = ©)A[a]0AOK g ([a]6 — @), where § represents a legally reasonable agent.
This formula holds at (m, h) iff at this index (a) « causally brought about 6 such
that ¢ is a logical consequence of a’s seeing to it that 6, and (b) a reasonable
agent 8 would have known ez ante about such a logical consequence. Strict
liability offenses are charged and tried without appealing to any mens rea mental
state. Typically, offenses of this kind can be divided in two main categories (see
[22] and [I8]): (1) minor infractions—such as speeding, overtime parking, or not
signaling for a turn—for which the justification of reaching verdicts without
requiring proof of mens rea is made on the grounds of regulatory expediency;
and (2) serious crimes that pose a danger to society—such as statutory rape or
felony murder—for which conviction without proof of mens rea is justified on the
grounds of maximizing the deterrent effect of the penalty. For both categories,
and if ¢ is a strict liability offense, one can characterize the mode strict liability—
for criminal agent a—using «’s causal-active responsibility for ¢.
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Appendix A Proofs of Soundness and Completeness

A.1 Soundness

Proposition 1. The system Aj is sound with respect to the class of iebt-models.

Proof. The proof of soundness is routine: the validity of (SET) and (IA) is
standard from BST; the validity of (OAC) and (Unif — H) is shown exactly
as [1; the validity of (InN) follows straightforwardly from Definitions [4| and
and the validity of (K1) follows from frame condition (KI).
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A.2 Completeness

Definition 7 (Alexandrov spaces). A topological space (X,T) is said to be
an Alexandrov space iff the intersection of any collection of open sets of X is
an open set as well.

Notice that a space is Alexandrov iff every point x € X has a C-smallest
open set including it, namely the intersection of all the open sets around .

Definition 8. For a given frame (X, R) such that R is reflexive and transitive,
a set A C X is called upward-closed iff for x € A, if x <y for somey € X, then
y € A as well. For x € X, x Tr denotes the set {y € X | xRy}, which is clearly
upward closed.

Remark 2. For a frame (X, R) such that R is reflexive and transitive, the set
of all R-upward-closed sets forms an Alezandrov topology on X, which will be
denoted by 7. For x € X, the C-smallest open set including x is precisely = 1.
This implies that {z 1< | # € X} is a basis for the topology 7r.

Definition 9 (Kripke-ies-frames & models).
A tuple

<VV, Ags, RO, Ags, Choice, {%a}aeAgs , {Ré}aeAgs>

is called a Kripke-ies-frame (where the acronym ‘ies’ stands for ‘epistemic in-
tentional stit’) iff

— W is a set of possible worlds. Ro is an equivalence relation over W. For
w e W, the class of w under Rg is denoted by w.

— Choice is a function that assigns to each o € Ags and each O-class W a
partition Choice?” of w given by an equivalence relation, denoted by RY.
Choice must satisfy the following constraint:

o (IA)x Forw € W, each function s : Ags — 2% that maps o to a member
of Choicey is such that (e a4, 5(c) # 0.
For a € Ags, w € W, and v € W, the class of v in the partition Choice? is
denoted by Choice™(v).

— For a € Ags, =, is an (epistemic) equivalence relation on W that satisfies

the following conditions:
e (0AC)x Forw e W and v € W, v =, u for every u € Choice¥(v).
o (Unif —H)x Let « € Ags and v,u € W such that v =, u. For v’ € 7,
there exists u' € u such that v’ ~, u'.
Forw,v € W such that w =, v and L Cw, L’s epistemic cluster at v is the

set [L]Y :={u € U; there is o € L such that o=, u}.
For a € Ags and w € W, a’s ex ante information set at w is defined
as 75 w] = {v;w ~, oRov}, which by frame condition (Unif —H)g co-
incides with the set {v;wRpo ~4 v}. To clarify, (Unif —H)x implies that
Rpo =~,=~, oRg. Thus =, oRp is an equivalence relation such that

7 [w] = 75 [v] for every w,v € W such that w ~, oRgv.
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— For a € Ags, RL is a serial, transitive, and euclidean relation on W such
that R., C~, oRp and such that the following condition is satisfied:
e (Den)x Forv,u € W such that v =, oRu, there exists u' € W such that
vRIW and uRlu'.
For a € Ags, RLT denotes the reflezive closure of RL.

A Kripke-ies-model M consists of the tuple that results from adding a valuation
function V to a Kripke-ies-frame, where V : P — 2W assigns to each atomic
proposition a set of worlds.

Kripke-ies-models allow us to evaluate the formulas of £; with semantics
that are analogous to the ones provided for iebt-frames. The semantics for the
formulas of £ are given in the definition below.

Definition 10 (Evaluation rules on Kripke models). Let M be a Kripke-
ies-model. The semantics on M for the formulas of L) are defined recursively by
the following truth conditions, evaluated at a given world w:

M,w=p iff weV(p)

Mowl—p  iff MwlEe

MwkE Ay iff MywE e and M,wlEy
MwEOQp f forvew,MvE @

M,w = [a]p  iff for v € Choice?(w), M,v = ¢
M,w = Kop  iff forv st wa, v, M,vE=p

Myw = Iy iff there exists x € w5 [w] s.t. x Tri+C lol.

where I write || to refer to the set {w € W; M,w = ¢}. Satisfiability, validity
on a frame, and general validity are defined as usual.

Definition 11 (Associated iebt-frame).
Let

F = (W, Ags, Ry, Choice, {~a}aeags - (R o age)

be a Kripke-ies-frame. Then FT := <MW,|:,Ags,Choice7 {NQ}QGAQS,T> 18
called the iebt-frame associated to F iff

- My =WU{w,we W} U{W}, and T is a relation on My such that T

is defined as the transitive closure of the union {(w,v);w € W and v € W} U
{(W,w);w e W}.
It is clear that T is a strict partial order on My that satisfies “no backward
branching” straightforwardly. Since the tuple (My,,C) is thus a tree, let us
refer to the maximal C-chains in My as histories, and let us denote by Hyy
the set of all histories of Myy. Observe that the definition of C yields that
there is a bijective correspondence W and Hyy. For v € W, let h, be the
history {W,v,v}. For o € W, it is clear that o € h, iff o = v. Therefore,
each history in Hy, can be identified using the world at its terminal node.
Consequently, for w € W, if Hg denotes the set of histories passing through
w, then Hg = {hy;v € W}—since W € h, iff v € wW. Observe, then, that
Hy = {hy;v e W}
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— For B € 2 let BT denote the set {h,; v € B}. With such a terminology,
we define Choice as a function on Ags X My, given by the rules:
e For a € Ags and v € W, Choice(a, v) = {{hy}}.
e For a € Ags and w € W, Choice(a,w) = {CL;C, € Choicel }.
o For a € Ags, Chmce(a,W) {HW}
To keep notation consistent, the sets of the form Choice(w,w) will be de-
noted by Choiceg The choice-cell of a given h, in Choiceg is denoted by
Choice” (h,).
— For a € Ags, ~ is a relation on I (Mw x Hy ) defined as follows:

= {((@, hy) , (W', hy)) 5w, 0" €W and v =g v} U
{({z, > (5,h2)) 52 € W}U
{((W,he) , (W, b)) 500" € Wi

It is clear that this definition entails that ~, is an equivalence relation for
every a € Ags and that, for w € W and L € Choice”, v € [L]¥ iff h, €
7],
— 7 is a function defined as follows:

o Fora € Ags and z € W, 757" = {0, 75 [(z, h.)]}

e For « € Ags, we first define a relation R!T  on
{(W,hy);w €W andv €w} by the rule: (W, hy,) RIT (W' hy) iff
vRIV'. For a € Ags, w € W, and v € w, then, we define Témhv)

as the subspace topology of TRIT+ on 7TD [(w *, hv>] Observe that, for

a € Ags, w € W, and v € W, 75 [(W, hy)] = {{V/,hy') ;0" € 75 [0]}.

Thus, the fact that RL Cx, oRp implies that, for (T, hy) € 7 [(W, hy)],

(@, ha) TRir+ C 73 [(w, h )], s0 that 7D [(@, hy)] is open in TRIT+.

o Fora € Ags andve W, i = {0, 75 [(W, h,)]}.
Proposition 2. Let F be a Kripke-ies-frame. Then FT is an iebt-frame.

Proof. It amounts to showing that C is a strict partial order that satisfies no
backward branching, that Choice is a function that satisfies frame conditions
(NC) and (IA), that {~n},ca,, is such that ~, is an equivalence relation for
every a € Ags and frame conditions (0AC) and (Unif — H) are met, and that 7
is a function that meets the requirements of Definition [

— As mentioned in Definition [I1] it is straightforward to show that C is a
strict partial order that satisfies no backward branching. It is also clear from
Definition [[1] that ~, is an equivalence relation for every a € Ags.

— (NC) is vacuously validated at moment W. It is validated in moments of the
form w (w € W), since two different histories never intersect in a moment
later than w. Finally, it is also validated in moments of the form v such that
v € W (since there are no moments above v).

8 For A C X and 7 a topology on X, the subspace topology of 7 on A is the family
{UNA|U e}
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— For (IA), we reason by cases:

(a) At moment W, (IA) is validated straightforwardly, since
Choice(a, W) = {H} for each a € Ags.

(b) For a moment of the form w (with w € W), let s be a function that as-
signs to each agent a a member of Choice?” = {(Ca)T;Cy € Choicel}.
Let sy, : Ags = U,ca,s Choicey be a function such that si(a) = Cy iff
s(a) = (Cy)T. Since M satisfies condition (IA)x, then Nacags k() # 0.
Take v € Nyeays S(@). Then v € Cy for every a € Ags. This implies
that h, € (Cq)" for every o € Ags, 50 (e, 5(@) # 0.

(c) At moments of the form v such that v € W, if s is a function that
assigns to each agent o a member of Choice(v, @), s must be constant
and (e ags 8(@) = {ho}

— For (0AC), again we reason by cases:

(a) Assume that (W, h,) ~a (W', hy) (for w,w’ € W). This means that
v &, v'. We want to show that, for every h, € Choicef such that h, €
Choicel. (h,), (W, hy) ~a (W, hy). Therefore, let h, € Choicel (hy).
By definition, this means that u € Choicel(v). Since M satisfies condi-
tion (DAC)k, this last fact implies, with v =, v’, that u =, v’, which in
turn yields that (@, hy) ~q <W, hv>.

(b) For indices based on moments of the form v such that v € W, (0AC)
is met straightforwardly, since for h, the choice-cell in Choice(w,v) to
which h, belongs is just {h,}.

(c¢) For indices based on moment W, (0AC) is also met straightforwardly,
since for every o € Ags ~ is defined such that (W, hy) ~q (W, h,) for
every pair of histories hy, b, in H.

— For (Unif — H), again we reason by cases:

(a) Assume that (W, h,) ~q <W, hv/> (for w,w’ € W). This means that
v Ew, v €w,and v ~, v'. Let h, € Hy (which means that z € w).
We want to show that there exists h € Hyy such that (W, h.) ~q (W', h).
Condition (Unif — H)x gives us that there exists z/ € w’ such that
z R4 2', which by definiton of ~, means that (w, h,) ~, <W, hz/>.

(b) For indices based on moments of the form v such that v € W, (v, h,) is
~q-related only to itself, so (Unif — H) is met straightforwardly.

(¢) For indices based on moment W, (Unif — H) is also met straightfor-
wardly, since (W, h,) ~q (W, hy) for every v,v' € W.

— As for 7, it is clear that, for @ € Ags and index (m,h) either of the form

(2,h,)(z € W) or of the form (W,h,) (v € W), 7™M s a topology on

7J[(m, h)] that satisfies frame conditions (CI) and (KI).

Assume, then, that <m,fﬁis of the form (w,h,) such that v € w. Let
o

a € Ags. By Definition éﬁ’h” is the subspace topology of Tprr+ on

7(w, h,)]. Thus, it is clear that 737" is a topology on 72[(w, h,)], so that
7 straightforwardly satisfies (KI). Let us show that condition (CI) is also sat-
isfied: let U,V € 74" such that U and V are non-empty. Let (W, hy) €U
and (T, h,) € V. Definition[11]implies that u ~, oRnz. F’s condition (Den)x
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implies that there exists v/ € W such that R v’ and xR v’, which implies
that (u, hy,) RET (W, by ) and (T, hy) RET (W/, by ), by definition of RZT. This
means that (u/,hy) € (@, hy) Tprre and (W, hy) € (T, hy) Thire. Since
7 [(w, hy)] is open in Tpir+, we know that (U, hy) Tprr+C U and that
(T, hy) Trir+C V. Thus, <U, h> e UNV,sothat U and V are 757 _dense.

Let M be a Kripke-ies-model with valuation function V. The frame upon
which M is based has an associated iebt-frame. If to the tuple of this iebi-frame
one adds a valuation function V' such that V!(p) = {(w, hy);w € V(p)}, the
resulting model is called the iebt-model associated to M.

Proposition 3. Let M be a Kripke-ies-model, and let MT denote its associated
iebt-model. For ¢ of L; and w € W, M,w = ¢ iff MT (W, hy) = .

Proof. We proceed by induction on ¢. For the base case, take a propositional
letter p and an arbitrary w € W. Then M, w = piff w € V(p) iff (w, hy,) € VT (p)
ifft MT, (W, hy) E p. The cases of Boolean connectives are standard, so let us
deal with the modal operators. Let w € W and o € Ags.

— (O0) M,w | Oy iff for every v € W, M,v = ¢, which by induction hy-
pothesis happens iff MT, (v, h,) = ¢ for every v € w, which happens iff
MT (W, hy) = Op, since it is the case that h, € Hy iff v € w.

— ([a]) M,w E [a]p iff for every v € W such that wR%v, M,v E ¢,
which by induction hypothesis happens iff MT, (w,h,) = ¢ for every
h, € Choice? (h,,), which in turn happens iff MT (@, h,) |= [a]ep.

— (Ku) M,w = K, iff for every v € W such that w =, v, M, v = ¢, which
by induction hypothesis occurs iff M7, (v, h,) = ¢ for every h, € H such
that (W, hyw) ~a (U, hy), which happens iff MT, (W, hy) | Kaogp.

— (I,) First, observe that the induction hypothesis implies that |¢| =
{(@, hy) ;w € |@|}. Therefore, M, w = I, iff there exists x € 75 [w] such
that @ T+ C [oo] if (T, ha) T+ C ||| Hf there exists U € 7R} quch

that U C ||| iff M7, (@, hy) | Lag.

A.3 Canonical Kripke-ies-structure

We show that the proof system A; is complete with respect to the class of Kripke-
ies-models. For each Aj-consistent formula ¢, we build a canonical structure from
the syntax that satisfies ¢.

Definition 12 (Canonical Structure). The tuple

M= <WA1,RD, Choice, {%a}aeAgs , {R(Il}aeAgs , V>
18 called a canonical structure for Ay iff

— WA = {w;w is a A;-MCS}. Rp is a relation on W4T defined by ther rule:
forw,v € WA, wRpw iff Op € w = ¢ € v for every ¢ of L;. Forw € W1,
the set {v € WAI;wRDv} is denoted by w.
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— Choice is a function that assigns to each o and W a subset of 2%, denoted
by Choice?, and defined as follows: let RY be a relation on w such that, for
w,v € WAI wRYv iff [a]p € w = ¢ € v for every p of Ly; if Choice™ (v) :=
{u € w; vau} then Choicel := {Choicel(v);v € W}.

— For a € Ags, =, is an epzstemzc relation on W4T given by the rule: for
w,v € WA, wry v iff Kap € w = €v for every ¢ of L.

— For a € Ags, R! is a relation on WA given by the rule: for w,v € WA,
wRIv iff I,y € w = ¢ € v for every ¢ of L.

— V is the canonical valuation, defined such that w € V(p) iff p € w.

Proposition 4. The canonical structure M for Ay is a Kripke-ies-model.
Proof. We want to show that the tuple

A . ~ I
<W ", Rp, Choice, {~a},cas - {Ra}aeAgs>
amounts to showing that the tuple satisfies the items in the definition of Kripke-

ies-frames (Definition [9)).

is a Kripke-ies-frame, which

— It is clear that Ry is an equivalence relation, since A; includes the S5 axioms
for 0.

— Since A; includes the S5 schemata for [a] (o € Ags), RY is an equivalence
relation for o € Ags and w € WA, Moreover, since Aj includes schema
(SET), RY C w x w for every w € WA, Thus, Choice indeed assigns to
each o and W a partition of w.

To show that frame condition (IA)g is satisfied, we first prove two interme-

diate results:

(a) For w, € WA w € w; iff {0¢; 0 € w.} C w. (=) Let w € w, (which
means that w,Row). Take ¢ of Lky such that Op € w,. Since w, is
closed under Modus Ponens, axiom (4) for [J implies that O0p € w,.
By definition of R, Op € w. (<) Assume that {{0y; Oy € w,} C w.
Take ¢ of Lkx such that Oy € w,. By assumption, Uy € w. Since w is
closed under Modus Ponens, axiom (T) for O implies that ¢ € w. Thus,
wy Row and w € wy,.

(b) If w, € WA and s : Ags — 2 maps a to a member of Choice® such
that vya) € s(a), then w € s(a) iff Ay = { alyp € vs(a)} C w.
(=) Let w € s(a) (which means that vyq)Raw). Take ¢ of Lkx such
that [a]p € vy(a). Since vy, is closed under Modus Ponens, schema
(4) for [a] implies that [o][a]p € vy(q). Therefore by definition of R,
[l € w. (<) Assume that Ay, = {[]; [ € vy} C w. Take
@ of Lkx such that [a]p € vy). By assumptlon [a)e € w. Since w is
closed under Modus Ponens, axiom (T) for [o] implies that ¢ € w. Thus,
V(o) Ry w and w € s(a). o

Next we show that, for w, € W4 and s : Ags — 2%+ just as in item El

above, UaeAgS s(a) U{OW; 09 € wy} is AI—consistent: first we show that

UaeAgs Ag(a) 18 consistent. Suppose that this is not the case. Then there

exists a set {¢1,...,¢n} of formulas of Lkx such that [o;]e; € vy, for

every 1 <1¢ < n and

Fa, [a]er A Alag]en — L. (1)
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Without loss of generality, assume that o; # «; for all j # ¢ such that
J,t € {1,...,n}—this assumption hinges on the fact that any stit operator
distributes over conjunction. Notice that the fact that [o;]p; € vg(q,) for
every 1 < i < n implies that ¢[a;]p; € w, for every 1 < i < n. Since w, is
closed under conjunction, Qlag]er A -+ A Olan]pn € w..

Axiom (IA) then implies that

Fa, Olaa]pr A= A Qlan]pn = O (fen]pr A Alaw]pn) - (2)
Therefore, equations and , imply that
Fap Olaa]er A=+ A Qlan]wn — OL. (3)

But this is a contradiction, since Qa1 A -+ A Olan]pn € ws, and wy is
a Ar-MCS. Therefore, UQGAQS Ag(a) is consistent. Secondly, we show that
the union UaeAgS Ag(a) U{OY; 0y € w,} is also consistent. Suppose that
this is not the case. Since (J,¢ 4 s Ay(a) is consistent, there must exist sets
{p1,.- -, ¢n} and {01,...,0,} of formulas of Lxx such that [a;]¢; € vy(a,)
for every 1 < i <n, d0; € w, for every 1 <i < m, and

Fa, [ai]er A Alan]pn ADOL A - ADG,, — L. (4)

Let 6 = 61 A --- A 0p,. Since O distributes over conjunction, F,, 00 «
06, A --- A 0O6,,, where it is important to mention that, since w, is a A;-
MCS closed under logical equivalence, (16 € w,. Thus, implies that

Fap (lealpr Ao Alan]en) — -6 ()

Once again, assume without loss of generality that «; # «; for all j # i such
that j,4 € {1,...,n}. By an argument analogous to the one used to show
that UaeAgs Ag(a) 1s consistent, implies that

Fa, Olaa]eor A -+ A Ola]pn — O—-06. (6)

This entails that $—[10 € w,, but this is a contradiction, since the fact that
06 € w, implies with axiom (4) for O that 000 € w,.. Now, let u, be
the A;-MCS that includes UaeAgs Ag(a) U{OyY;0Y € wy}. By intermediate
result @ it is clear that u, € w,. By intermediate result @ it is clear that
uyx € s(a) for every a € Ags. Therefore, we have shown that, for w, € W,
each function s : Ags — 2%+ that maps « to a member of ChoiceZ" is such
that (1, c 4., 8(@) # 0, which means that M satisfies (IA)x.

Since the proof system A; includes the S5 axioms for K, (« € Ags), =, is
an equivalence relation for o € Ags. We verify that M satisfies conditions
(0AC)k and (Unif — H)k.

For (0AC)k, let w, € WA and o € Ags. Assume that v,u € W, are such
that v =, u. Let v' € Choice®(v). This means that vR,v'. We want to
show that v" ~, u, so let ¢ be a formula of Lxo such that K,p € v'. By
schema (4) for K, K,K,p € v'. Similarly, since all substitutions of axiom
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(OAC) lie within v’ and it is closed under Modus Ponens, [a]K,p also lies
in v'. Since v'R,v, this implies that K,¢ € v. Therefore, our assumption
that v ~,, u entails that ¢ € u. With this, we have shown that the fact that
K, € v’ implies that ¢ € u, which means that v’ =, u.

For (Unif —H)g, let v,u € W7 such that v ~, u. Take v/ € 7. We
want to show that there exists v’ € u such that v’ ~, u'. We show that
u’ = {; Ko € v'} U {OY; ¢ € u} is consistent. To do so, we first show
that {¢; K41 € v’} is consistent. Suppose for a contradiction that it is not
consistent. Then there exists a set {¢1,...,9,} of formulas of Lxx such
that K,1; € v for every 1 < i < m and (a) b4, 1 A+ Ap, — L.
By Necessitation for K, and its distributivity over conjunction, (a) implies
that Fa, Koty A -+ A Kotp, = KoL, but this is a contradiction, since
v’ is a A;-MCS and it includes Ko11 A --- A Kgb,. Next we show that
u” = {; Kotp € v'} U {0O¢; 0y € u} is also consistent. Suppose for a con-
tradiction that it is not consistent. Since {¢; K,9 € v’} and {Oy; Oy € u}
are consistent, there must exist sets {¢1,...,¢,} and {61,...,0,,} of for-
mulas of Lkx such that K,p; € o' for every 1 < i < n, 06; € ws for
every 1 <i < m,and (b) b4, p1 A~ A, A0 A--- AO6, — L. Let
0 =01N---NOp, and p = 1 A-- - Ap,. Since O distributes over conjunction,
Fa, 00 < 061 A --- A0, where it is important to mention that, since u
is a A;-MCS, then 00 € u and (x) 006 € u as well. In this way, (b) implies
that 4, ¢ — =06 and thus that (c) F4, O0¢ — O—06. Notice that the facts
that Kyp; € v’ for every 1 < i < n, that K, distributes over conjunction,
and that v is a A7-MCS imply that K, € v’. The fact that v’ € ¥ implies
that O K, € v, so that (Unif — H) entails that K,0¢ € v. Now, this last
inclusion implies, with our assumption that v ~, u, that Q¢ € u, which by
(¢) in turn yields that ¢—06 € u, contradicting (x). Therefore, v is consis-
tent. Let v/ be the A;-MCS that includes u”. It is clear from its construction
that ' € u and that v' ~, u/. With this, we have shown that M satisfies
condition (Unif — H)x.

Since A; includes the KD45 schemata for I, (o € Ags), then Rl is a serial,
transitive, and euclidean relation on W, for a € Ags. Since A; includes
schema (InN), then RL Ca, oRp for o € Ags.

We now verify that frame condition (Den)y is satisfied. Let v,u € W7 such
that v =, oRpu. This means that there exists w such that v € w and
w ~, u. We want to show that there exists uRLu’ such that vRLu'. We
show that v” = {¢; I, € v} U {4; I, € u} is consistent. To do so, we first
show that {i; .1 € v} is consistent. Suppose for a contradiction that it
is not consistent. Then there exists a set {¢1,...,1,} of formulas of Lkx
such that I,¢; € v for every 1 < i < n and (a) Fu, 1 A--- A, — L.
By Necessitation for I, and its distributivity over conjunction, (a) implies
that Fa, Int1 A - A Iy, — 1,1, but this is a contradiction, since v
is a A;-MCS and it includes Io11 A - -+ A I41,. Next we show that u” =
{; I € v} U {th; I,9 € u} is also consistent. Suppose for a contradiction
that it is not consistent. Since {1; I, € v'} and {; I,9 € u} are consistent,
there must exist sets {¢1,...,¢n} and {61,...,0,,} of formulas of Lxx such
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that I,p; € v for every 1 < i < n, I,0; € ws for every 1 < i < m, and (b)
Fa, @1A - ApnABL A A, — L. Let 6 = 1A - -Abyy and = @1 A- - -Agy,.
Thus, (b) implies that k4, ¢ — =0 and thus that (c) Fa, (Ia)e — (I)—0.
Notice that the facts that I,p; € v for every 1 <14 < n, that I, distributes
over conjunction, and that v is a A;-MCS imply that I,¢ € v. Analogously,
one has that (x) I,0 € u. The fact that v € w implies that Ol p € w,
so that (Den) entails that K,(I,)¢ € w. Now, this last inclusion implies,
with the fact that w ~, u, that (I,)¢ € u, which by (c) in turn yields that
(I,)—0 € u, contradicting (x). Therefore, v’ is consistent. Let u’ be the Ar-
MCS that includes u”. It is clear from its construction that uR.u’ and that
vRIw'. With this, we have shown that M satisfies (Den)x.

Lemma 1 (Existence for non-intentional operators). Let M be the canon-
ical Kripke-ies-model for A;. Let w € W41, For ¢ of Ly, the following items hold:

1. Op € w iff p € v for every v € w.
2. [a]e € w iff p € v for every v € W such that wRYv.
3. Ko € w iff o €v for every v € WAL such that w =4 v.

Proof. Let w € W41, and take ¢ of £;. All items are shown in the same way. Let
A e {0,[a], K.}, and let Ra stand for the relation upon which the semantics
of Ay is defined. We show that Ay € w iff ¢ € v for every v € W41 such that
wRAwv.

(=) Assume that Ag € w. Let v € W47 such that wRav. The definition of
R straightforwardly gives that ¢ € v.

(<) We work by contraposition. Assume that Ap ¢ w. We show that there
is a world v in W47 such that wRav and such that ¢ does not lie within it. For
this, let v = {4; Av € w}, which is shown to be consistent as follows: suppose
for a contradiction that v’ is not consistent; then there exists a set {¢1,...,9,}
of formulas of Lkx such that {¢1,...,¢¥,} C v and (a) b4, Y1 A+ Athy, — L;
now, the fact that {¢1,...,%,} C v/ means that Ay, € w for every 1 < i < n;
Necessitation for A and its distributivity over conjunction yield that (a) implies
that F4, A A---AAY, — AL, but this is a contradiction, since w is a A;-MCS
which includes Ay A -+ - A At,. Now, we define v' :'= v' U {—p}, and we show
that it is also consistent: suppose for a contradiction that it is not consistent;
since v’ is consistent, there exists a set {¢1,...,1,} of formulas of Lxx such
that {¢1,...,¥,} Cv and k4, Y1 A+~ Aty A—p — L, which then implies that
(b) Fa, ¥1 A+ Ahp, — @; By Necessitation for A and its distributivity over
conjunction, (b) implies that F4, A A+ A A, = Ay; but, since w is a Aj-
MCS, then Aty A--- A A, € w, so that (b) and the fact that w is closed under
Modus Ponens entail that Ay € w, contradicting the initial assumption that
A ¢ w. Let v be the A;-MCS that includes v”. Tt is clear from its construction
that ¢ ¢ v and that wRAv, by definition of Ra.

Lemma 2 (Truth Lemma). Let M be the canonical Kripke-ies-model for Ay.
For ¢ of L; and w € WA, M,w |= ¢ iff ¢ € w.
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Proof. We proceed by induction on ¢. The cases of Boolean connectives are
standard. For formulas involving OJ, [a], and K, both directions follow straight-
forwardly from Lemma [l (items and [3| respectively). As for I, we have
the following arguments:

- (1)
(=) We work by contraposition. Suppose that I,¢ ¢ w. Take 2 € 7J[w].
The assumption that —I,¢ € w implies, by schema (K1) and closure of w
under Modus Ponens, that OK,—I,p € w. Since 2 € 75'[w], this implies
that =I,¢ € z. By an argument analogous to the one used in Proposition
[ to show that the canonical model satisfies (Den), the set {1; I, € x} is
consistent. Next, observe that {¢; I ¢ € w} U {—p} is consistent. Suppose
it is not consistent. Since {; I,¥ € w} is consistent, there must exist a set
{©1,...,¢n}such that I,p; € wiorevery 1 <i<nandkyu, (p1A---App)A
- — L Now, this A;-theorem implies that k4, (o1 A~ A @,) — ¢. By
Necessitation of I, its schema (K), and its distributivity over conjunction,
one then has that (x) Fa, (Inp1 A+ Alo@n) = Inp. Now, closure of w under

conjunction then implies that (/\1<i<n Iagoi) € x, so that the antecedent

in Ar-theorem () lies in . Closure of x under Modus Ponens then implies
that I,p € xz, but this contradicts the previously shown fact that I,¢ ¢ z.
Therefore, {¢; o1 € w} U {—¢} is in fact consistent. Let u be the A;-MCS
that includes {1; I,1 € w} U {—¢}. It is clear from construction that xR u,
so that u € z Tx+. It also clear from construction that —¢ € z, so that the
induction hypothesis yields that M,z = —¢. Thus, « is such that = € 75 [w]
and such that @ T+ & |o], which implies that M, w [ .

(<) Assume that I, € w. Suppose for a contradiction that M,w & I,p.
This means that, for 2 € 75'[w], there exists y such that zRLty and M,y
¢. Now, we have two cases. If for every x € 73)[w] the y such that xRty
and M,y F~ ¢ is actually z itself, then M,z £ ¢ for every € 73J[w]. By
induction hypothesis, this implies that —¢ € x for every x € WE [w], which,
by items and of Lernma implies that OK,—y € x for every z € 75 [w].
In particular, OK,—¢ € w. Schema (InN) and closure of w under Modus
Ponens then imply that I—¢ € w, but this is a contradiction, since the fact
that I, € w, with schema (D) for I, and closure of w under Modus Ponens,
implies that =I—¢ € w. The other case is that there exist x,y € 75)[w] such
that 2RIy, M,y [~ ¢, and y # z. By induction hypothesis, ¢ ¢ 3. Since
rRITy and y # x, then xRy, so the definition of R implies that I,¢ & z.
As such, —I,p € x, which, by schema (K1) and closure of x under Modus
Ponens, implies that OK,—I,¢ € 2. Since z € 7[w], this implies that
-1, € w, but this is a contradiction to the initial assumption.

Theorem 2 (Completeness w.r.t. Kripke-ies-models). The proof system
Ay is complete with respect to the class of Kripke-ies-models.

Proof. Let ¢ be a Aj-consistent formula of L. Let w be the A;-MCS including
. The canonical Kripke-ies-model M for A; is such that M, w = .
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Back to branching-time models

Theorem 3 (Completeness w.r.t. iebt-models). The proof system Ay is
complete with respect to the class of iebt-models.

Proof. Let ¢ be a Aj-consistent formula of £;. Theorem [2] implies that there
exists a Kripke-ies-model M and a world w in its domain such that M, w = ¢.
Propositionthen ensures that the iebt-model M7 associated to M is such that

ML (W, hy) E .

Therefore, the following result, appearing in the main body of the paper, has
been shown:

Theorem 1. The proof system Aj is sound and complete with respect to the
class of iebt-models.
O
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